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❥- ♥<♦ 1 ♠❛✐" "✉✜❝✐❡♥0❡ ❞❡"❡♥✈♦❧✈❡+ ✉♠ ♣+♦❥❡0♦ ❛❝❡✐0-✈❡❧ "❡♠ =✉❡ ❡"0❡ ❢❛.❛ ✉"♦

❞❡ ❢♦+♠❛ ♠❛✐" ❡✜❝✐❡♥0❡ ❞❡ "❡✉" +❡❝✉+"♦" ❡"❝❛""♦"✳ ◆❡""❡ "❡♥0✐❞♦✱ ♦ ✐♠♣❛❝0♦ ❞❛

0❡❝♥♦❧♦❣✐❛ ❛❧✐❛❞♦ ❛♦ ❛❞✈❡♥0♦ ❞❛ ❡+❛ ❞♦ ❝♦♠♣✉0❛❞♦+ 0❡♠ ❢♦+♥❡❝✐❞♦ ♦♣♦+0✉♥✐❞❛❞❡"

❞❡ +❡"♦❧✈❡+ ♣+♦❜❧❡♠❛" ❞❡ ❣+❛♥❞❡" ♣+♦♣♦+.@❡" =✉❡ ♣♦❞❡+✐❛♠ 0❡+ "✐❞♦ ♠❛❧ +❡"♦❧✈✐❞♦"

♥♦ ♣❛""❛❞♦✱ ♠❛"✱ =✉❡ ❛0✉❛❧♠❡♥0❡ ♣❡+♠✐0❡✲"❡ ❢❛③B✲❧♦" ❝♦♠ ♠❛✐♦+ ✏+❡✜♥❛♠❡♥0♦✑✳ ❆

+❡"♦❧✉.<♦ ❞❡ ♣+♦❜❧❡♠❛" +❡❧❛❝✐♦♥❛❞♦" ❛♦ ♣❧❛♥❡❥❛♠❡♥0♦ ❞❡ +❡❝✉+"♦" 1 ❝♦♠✉♠ ♥♦ ❞✐❛

❛ ❞✐❛ ♦♣❡+❛❝✐♦♥❛❧ ❞♦" ❣❡"0♦+❡"✱ ❡ ♣♦❞❡♠ "❡+ ❡♥❝♦♥0+❛❞♦" ❡♠ ❞✐✈❡+"❛" -+❡❛" ❝♦♠♦✿

0❡❧❡❝♦♠✉♥✐❝❛.@❡"✱ ❡❧❛❜♦+❛.<♦ ❞❡ ✐♥0❡❣+❛.<♦ ❡♠ ❣+❛♥❞❡ ❡"❝❛❧❛ ✭❱▲❙■✮✱ ❛♥-❧✐"❡ ✜✲

♥❛♥❝❡✐+❛✱ ❛❣❡♥❞❛♠❡♥&♦ ❞❡ (❡❝✉(+♦+✱ ♣❧❛♥❡❥❛♠❡♥&♦ ❞❡ ❡+♣❛/♦+✱ ❞✐"0+✐❜✉✐.<♦

❞❡ ❡♥❡+❣✐❛✱ ❡♥❣❡♥❤❛+✐❛ ♠♦❧❡❝✉❧❛+✱ ❧♦❣9"0✐❝❛✱ ❡❧❛❜♦+❛.<♦ ❞❡ +❡❢❡+❡♥❝✐❛✐"✱ ♠❛♥✉❢❛0✉+❛

✢❡①9✈❡❧✱ ❣❡+❡♥❝✐❛♠❡♥0♦ ❞❡ ❞❡"♣❡+❞9❝✐♦✱ ❡①♣❧♦+❛.<♦ ❞❡ ♠✐♥1+✐♦"✱ ❛♥-❧✐"❡" ❜✐♦♠1❞✐✲

❝❛"✱ ❝♦♥"❡+✈❛.<♦ ❛♠❜✐❡♥0❛❧ ❡ ❞❡③❡♥❛" ❞❡ ♦✉0+❛" ❬✶✽❪✳ ❊ 1 ♥♦ ❝♦♥0❡①0♦ ❞❛ ❛""♦❝✐❛.<♦

❞♦" 0❡♠❛"✱ ❛❣❡♥❞❛♠❡♥0♦ ❞❡ +❡❝✉+"♦" ❡ ♣❧❛♥❡❥❛♠❡♥0♦ ❞❡ ❡"♣❛.♦"✱ =✉❡ "❡ ❡♥❝♦♥0+❛ ♦

♣+♦❜❧❡♠❛ ❛""✉♥0♦ ❞❡""❡ 0+❛❜❛❧❤♦✳

❖ ♣+♦❜❧❡♠❛ ❞❡ ❛❧♦❝❛.<♦ ❞❡ ❛✉❧❛" ❡♠ "❛❧❛"✱ ♦✉ "✐♠♣❧❡"♠❡♥0❡ X❆❆❙✱ ❡♠ ✉♠❛

✐♥"0✐0✉✐.<♦ ❞❡ ❡♥"✐♥♦ ❝♦♥"✐"0❡ ❜❛"✐❝❛♠❡♥0❡ ♥♦ ❛++❛♥❥♦ ♦0✐♠✐③❛❞♦ ❞❡ ❛✉❧❛"✱ ❝♦♠ 0❡♠✲

♣♦" ♣+1✲❞❡0❡+♠✐♥❛❞♦"✱ ❡♠ "❛❧❛"✱ "❡♥❞♦ ♦ ♥>♠❡+♦ 0♦0❛❧ ❞❡ "❛❧❛" ❧✐♠✐0❛❞♦✳ ❆❧❣✉♠❛"
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 ❡"# ✐%&❡" ❞❡✈❡♠ "❡  ❡"♣❡✐#❛❞❛" ❝♦♠♦ ❝❛♣❛❝✐❞❛❞❡ ❞❛" "❛❧❛"✱ ❞❡♠❛♥❞❛ ❞❡ ❛❧✉♥♦" ❡

♥2♠❡ ♦ ❞❡ ❡♥❝♦♥# ♦" ❞✐3 ✐♦"✱ ❞❡ ♠♦❞♦ 4✉❡ ❞✉❛" ❛✉❧❛" ❞✐"#✐♥#❛" ♥5♦ "❡❥❛♠ ❛❧♦❝❛❞❛"

"✐♠✉❧#❛♥❡❛♠❡♥#❡ ♥❛ ♠❡"♠❛ "❛❧❛ ❡ ♥♦ ♠❡"♠♦ ❤♦ 3 ✐♦✱ ❡♥4✉❛♥#♦ ♦✉# ❛" 4✉❡"#&❡"

❞❡✈❡♠ "❡ ♦#✐♠✐③❛❞❛"✱ ❝♦♠♦ ♣♦ ❡①❡♠♣❧♦ ❛ ❞✐"♣❛ ✐❞❛❞❡ ❡♥# ❡ ❛" ❞❡♠❛♥❞❛" ❞❛"

#✉ ♠❛" ❡ ❛ ❝❛♣❛❝✐❞❛❞❡ ❞❛" "❛❧❛"✱ 4✉❡ ❞❡✈❡ "❡ ♠✐♥✐♠✐③❛❞❛✳

❆♣❡"❛ ❞❛ ❞❡✜♥✐%5♦ "✐♠♣❧❡"✱ ❡"#❡ ♣ ♦❜❧❡♠❛ ♣♦""✉> ✐♥#❡ ✲ ❡❧❛%&❡" 4✉❡ ♦ #♦ ♥❛♠

♣❡ #❡♥❝❡♥#❡ @ ❝❧❛""❡ ❞❡ ♣ ♦❜❧❡♠❛" ◆B✲❉✐❢>❝✐❧ ✭◆5♦✲B♦❧✐♥♦♠✐❛❧✲❉✐❢>❝✐❧✮ ❬✸✺❪✳ ❖✉

"❡❥❛✱ ♥5♦ "❡ ❝♦♥❤❡❝❡♠ ❛❧❣♦ ✐#♠♦" ❝❛♣❛③❡" ❞❡ ♦❜#❡ ❛ "♦❧✉%5♦ ❞♦ ♣ ♦❜❧❡♠❛ ❡♠

#❡♠♣♦  ❛③♦3✈❡❧✳

❙❡♥❞♦ ❛""✐♠✱ ♦ ♣ ❡"❡♥#❡ # ❛❜❛❧❤♦ "❡ ♣ ♦♣&❡ ❛  ❡"♦❧✈❡ ♦ ♣ ♦❜❧❡♠❛ ❞❡ ❛❧♦❝❛%5♦

❞❡ ❛✉❧❛" ❡♠ "❛❧❛" ❞❡ ✉♠❛ ✐♥"#✐#✉✐%5♦ ❞❡ ❡♥"✐♥♦ "✉♣❡ ✐♦ ❛# ❛✈N" ❞❡ ✉♠❛ ❢❡  ❛♠❡♥#❛

❝♦♠♣✉#❛❝✐♦♥❛❧ "✉❣❡ ✐❞❛✱ ♣❛ ❛ ❛✉①✐❧✐❛ "❡✉" ❞❡❝✐"♦ ❡" ♥♦ ♠♦♠❡♥#♦ ❞❛ ♠♦♥#❛❣❡♠ ❞♦
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B❛ ❛ ✐""♦✱ ✐♥✐❝✐❛❧♠❡♥#❡✱ ♣ ♦♣O"✲"❡ ✉♠❛ "♦❧✉%5♦ ✐♥✐❝✐❛❧ ❝♦♥"# ✉>❞❛ ❛ ♣❛ #✐ ❞❡

✉♠ ❛❧❣♦ ✐#♠♦ ❛❧❡❛#P ✐♦✳ ❆♦ ♣❡ ❝❡❜❡ 4✉❡ ❛ "♦❧✉%5♦ ❢♦ ♥❡❝✐❞❛ ♣❡❧♦ ❛❧❣♦ ✐#♠♦ ♥5♦

♣♦""✉>❛ 4✉❛❧✐❞❛❞❡ "❛#✐"❢❛#P ✐❛✱ ✉#✐❧✐③♦✉✲"❡ ❛ ♠❡#❛✲❤❡✉ >"#✐❝❛ ❙✐♠✉❧❛&❡❞ ❆♥♥❡❛❧✐♥❣

✭❙❆✮ ♥♦  ❡✜♥❛♠❡♥#♦ ❞❡""❛ "♦❧✉%5♦ ✐♥✐❝✐❛❧✱ ✈✐"#♦ 4✉❡✱ ❡"#❡ ♠N#♦❞♦ N ❢ ❡4✉❡♥#❡♠❡♥#❡

✉"❛❞♦ 4✉❛♥❞♦ ♦ ❡"♣❛%♦ ❞❡ ❜✉"❝❛ N ❞✐"❝ ❡#♦✱ ❡①❛#❛♠❡♥#❡ ❝♦♠♦ ♦ ❝❛"♦ ❡"#✉❞❛❞♦ ♥❡"#❡

# ❛❜❛❧❤♦✳ B❛ ❛ ❛#✐♥❣✐ ❡"#❡ ✜♠✱ ❢♦ ❛♠ ✉#✐❧✐③❛❞❛" ❞✉❛" ❡"# ✉#✉ ❛" ❞❡ ✈✐③✐♥❤❛♥%❛

❞✐"#✐♥#❛" ♥❛ ❡①♣❧♦ ❛%5♦ ❞♦ ❡"♣❛%♦ ❞❡ "♦❧✉%&❡"✳ ❆♣❡"❛ ❞♦ ❛❧❣♦ ✐#♠♦ ❙❆ ♣♦""✐❜✐❧✐#❛ 

❛ ♦❜#❡♥%5♦ ❞❡ ✉♠❛ "♦❧✉%5♦ ✈✐3✈❡❧ ❡♠ ✉♠ ❝✉ #♦ #❡♠♣♦ ❝♦♠♣✉#❛❝✐♦♥❛❧✱ 4✉❛♥❞♦

❝♦♠♣❛ ❛❞♦ @ ❢♦ ♠❛ ♠❛♥✉❛❧✱ "✉❛ ❝♦♥"# ✉%5♦ ♠♦"# ♦✉ 4✉❡ ❞✐✈❡ "♦" ❝❛"♦" ❞❡✈❡♠ "❡ 

❛♥❛❧✐"❛❞♦" ♣❛ ❛ ❝♦♥"# ✉%5♦ ❡  ❡✜♥❛♠❡♥#♦ ❞❡ "♦❧✉%&❡"✳ ❈♦♠♦ ❛ ❡♥✉♠❡ ❛%5♦ ❞❡

#♦❞♦" ❝❛"♦" "❡ #♦ ♥♦✉ ❝♦♠♣❧❡①❛✱ ✉♠❛ ❛❜♦ ❞❛❣❡♠ ♠❛#❡♠3#✐❝❛✱ 4✉❡ ✈✐"❛ ♠♦❞❡❧❛ ♦

♣ ♦❜❧❡♠❛ ❛# ❛✈N" ❞❡ ❡4✉❛%&❡"✱ #❛♠❜N♠ ❢♦✐ ♣ ♦♣♦"#❛✳ ❖"  ❡"✉❧#❛❞♦" ❝♦♠♣✉#❛❝✐♦♥❛✐"

♠♦"# ❛♠ 4✉❡ ❛♠❜❛" ❛" ❛❜♦ ❞❛❣❡♥" ♣♦❞❡♠ ❣❡ ❛ "♦❧✉%&❡" ✈✐3✈❡✐" ♣❛ ❛ ♦ ♣ ♦❜❧❡♠❛

❡♠ #❡♠♣♦  ❛③♦3✈❡❧✱ "❡♥❞♦ 4✉❡ ♦ ♠♦❞❡❧♦ ♠❛#❡♠3#✐❝♦ ♦❢❡ ❡❝❡ ❛" "♦❧✉%&❡" ❞❡ ♠❡❧❤♦ 
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♥❤❛#✐❛ ■♥❞✉()#✐❛❧ ▼❡)❛❧-#❣✐❝❛ ❞❡ ❱♦❧)❛ ❘❡❞♦♥❞❛✱ ✉♠❛ ✉♥✐❞❛❞❡ ❞❛ ❯♥✐✈❡#(✐❞❛❞❡

❋❡❞❡#❛❧ ❋❧✉♠✐♥❡♥(❡✳ ❖( ❞❛❞♦( (:♦ #❡❢❡#❡♥)❡( ❛♦ (❡❣✉♥❞♦ ♣❡#=♦❞♦ ❧❡)✐✈♦ ❞♦ ❛♥♦ ❞❡
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❊()❡ C ✉♠ )=♣✐❝♦ ♣#♦❜❧❡♠❛ ❡♥❢#❡♥)❛❞♦ ♣❡❧❛( ✉♥✐✈❡#(✐❞❛❞❡( ♥♦ ✐♥=❝✐♦ ❞❡ )♦❞♦

♣❡#=♦❞♦ ❧❡)✐✈♦✱ ❡ ❣❡#❛❧♠❡♥)❡✱ ❡()❡ ♣#♦❝❡((♦ ❞❡ ❛❧♦❝❛E:♦ C #❡❛❧✐③❛❞♦ ❞❡ ❢♦#♠❛ ♠❛✲

♥✉❛❧ ♣♦# ❡()❛( ✐♥()✐)✉✐EH❡(✱ ❝♦♥(✉♠✐♥❞♦ ✉♠ ♣❡#=♦❞♦ ❞❡ )❡♠♣♦ ❝♦♥(✐❞❡#I✈❡❧✱ ❛❧C♠

❞❡ ❢#❡J✉❡♥)❡♠❡♥)❡ ♥:♦ ❢♦#♥❡❝❡# (♦❧✉EH❡( J✉❡ ❛)❡♥❞❛♠✱ ❞❡ ❢♦#♠❛ (❛)✐(❢❛)K#✐❛✱ L(

♥❡❝❡((✐❞❛❞❡( ❞❛( ✐♥()✐)✉✐EH❡(✳ ❆❧C♠ ❞✐((♦✱ ♦ ❡❧❡✈❛❞♦ ♥-♠❡#♦ ❞❡ ❝♦♠❜✐♥❛EH❡( ♣♦(✲

(=✈❡✐( ❞❡ ❛❧♦❝❛E:♦ ❞❛❞❛ ❛ ❧✐♠✐)❛E:♦ ❤✉♠❛♥❛✱ )♦#♥❛ ❡()❛ )❛#❡❢❛ ❞❡♠♦#❛❞❛✱ ❛❧C♠ ❞❡
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♠❛=>♦ ♥>♦ ❧✐♥❡❛$ ❡ ❞✐&❝✉"✐$ &✐"✉❛=H❡& &✐♠♣❧❡& D✉❡ ❞>♦ ♦$✐❣❡♠ ❛ ❡&"❡ ♣$♦❜❧❡♠❛✳

❆❧C♠ ❞✐&&♦✱ ❛❧❣✉♠❛& ♦$✐❡♥"❛=H❡& ♣❛$❛ ❝♦♥&"$✉=>♦ ❞❡ ♠♦❞❡❧♦& ❡ ❢♦$♠✉❧;$✐♦& &❡$>♦

❛♣$❡&❡♥"❛❞♦&✳
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✷✳✷✳✶✳✶ ❉❡✜♥✐()❡* ❇,*✐❝❛* ❞❡ 01♦❣1❛♠❛(5♦ ◆5♦✲▲✐♥❡❛1

❈♦♥#✐❞❡'❡ ♦ ♣'♦❜❧❡♠❛ ❞❡ ♣'♦❣'❛♠❛./♦ ♥/♦✲❧✐♥❡❛' ❛♣'❡#❡♥1❛❞♦ ♣❡❧❛# ❊3✉❛.5❡#

✭✷✳✶✮✱ ✭✷✳✷✮✱ ✭✷✳✸✮ ❡ ✭✷✳✹✮✿

Min f(x) ✭✷✳✶✮

S.a.

gi(x) ≤ 0, ♣❛'❛ i = 1, ...,m, ✭✷✳✷✮

hi(x) = 0, ♣❛'❛ i = 1, ..., l, ✭✷✳✸✮

x ∈ X, ✭✷✳✹✮

♦♥❞❡❀

f ✱ g1✱✳✳✳✱ gm✱ h1✱ ✳✳✳✱ hl #/♦ ❢✉♥.5❡# ❞❡✜♥✐❞❛# ♥♦ R
n

X B ✉♠ #✉❜❝♦♥❥✉♥1♦ ❞❡ R
n

x B ✉♠ ✈❡1♦' ❞❡ n ❝♦♠♣♦♥❡♥1❡# x1, ..., xn

❖ ♣'♦❜❧❡♠❛ ❞❡✜♥✐❞♦ ♣♦' ✭✷✳✶✮✲✭✷✳✹✮ ❞❡✈❡ #❡' '❡#♦❧✈✐❞♦ ♣❛'❛ ♦# ✈❛❧♦'❡# ❞❛#

✈❛'✐G✈❡✐# x1, ..., xn 3✉❡ #❛1✐#❢❛③❡♠ ❛# '❡#1'✐.5❡# ❡ ❛♦ ♠❡#♠♦ 1❡♠♣♦ ♠✐♥✐♠✐③❛ ❛

❢✉♥./♦ ♦❜❥❡1✐✈♦✱ 3✉❡✱ ♥❡#1❡ ❝❛#♦✱ B '❡♣'❡#❡♥1❛❞❛ ♣❡❧❛ ❢✉♥./♦ f ✳

❈❛❞❛ ✉♠❛ ❞❛# '❡#1'✐.5❡# gi ≤ 0 ♣❛'❛ i = 1, ...,m B ❝❤❛♠❛❞❛ ❞❡ '❡#1'✐./♦

❞❡ ❞❡#✐❣✉❛❧❞❛❞❡✳ ❊ ❝❛❞❛ ✉♠❛ ❞❛# '❡#1'✐.5❡# hi = 0 ♣❛'❛ i = 1, ..., l B ❝❤❛♠❛❞❛

'❡#1'✐./♦ ❞❡ ✐❣✉❛❧❞❛❞❡✳

❖ ❝♦♥❥✉♥1♦ X ✐♥❝❧✉❡♠ ❧✐♠✐1❡# ✐♥❢❡'✐♦' ❡ #✉♣❡'✐♦' ♥❛# ✈❛'✐G✈❡✐#✳ ❆❧1❡'♥❛1✐✲

✈❛♠❡♥1❡✱ ❡#1❡ ❝♦♥❥✉♥1♦ X ♣♦❞❡ '❡♣'❡#❡♥1❛' '❡#1'✐.5❡# ❡#1'✉1✉'❛❞❛# 3✉❡ ♣♦##✉❡♠

#✐❣♥✐✜❝❛❞♦ ❡#♣❡❝✐❛❧ ♣❛'❛ #❡' ❡①♣❧♦'❛❞❛ ♣❡❧❛ '♦1✐♥❛ ❞❡ ♦1✐♠✐③❛./♦✱ ♦✉ ❡❧❡ ♣♦❞❡ '❡✲
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♣!❡#❡♥%❛! ❝❡!%❛ !❡❣✐*♦ ❞❡ ❝♦♥%❡♥-*♦✱ ♦✉ ♦✉%!❛# !❡#%!✐-0❡# ❝♦♠♣❧✐❝❛❞❛# 3✉❡ ❞❡✈❡♠

#❡! %!❛%❛❞❛# #❡♣❛!❛❞❛♠❡♥%❡ ❛%!❛✈5# ❞❡ ✉♠ ♠❡❝❛♥✐#♠♦ ❡#♣❡❝✐❛❧✳

❯♠ ✈❡%♦! x ∈ X #❛%✐#❢❛③❡♥❞♦ %♦❞❛# ❛# !❡#%!✐-0❡# 5 ❝❤❛♠❛❞♦ ✉♠❛ #♦❧✉-*♦ ✈✐;✈❡❧

♣❛!❛ ♦ ♣!♦❜❧❡♠❛✳ ❊ ❛ ❝♦❧❡-*♦ ❞❡ %♦❞❛# ❛# #♦❧✉-0❡# ❞❛ !❡❣✐*♦ ✈✐;✈❡❧✳

❖ ♣!♦❜❧❡♠❛ ❞❡ ♣!♦❣!❛♠❛-*♦ ♥*♦✲❧✐♥❡❛!✱ ❡♥%*♦✱ 5 ❡♥❝♦♥%!❛! ✉♠ ♣♦♥%♦ ✈✐;✈❡❧ x̄

%❛❧ 3✉❡✿ f(x) ≥ f(x̄) ✱ ♣❛!❛ %♦❞♦# ♣♦♥%♦ x ✈✐;✈❡❧✳

❊#%❡ ♣♦♥%♦ x̄ 5 ❝❤❛♠❛❞♦ #♦❧✉-*♦ A%✐♠❛✱ ♦✉ #✐♠♣❧❡#♠❡♥%❡ ✉♠❛ #♦❧✉-*♦✱ ♣❛!❛ ♦

♣!♦❜❧❡♠❛✳ ❙❡ ❡①✐#%✐! ♠❛✐# ❞❡ ✉♠ ♣♦♥%♦ x̄ ✐❞❡❛❧✱ ❡❧❡# #*♦ !❡❢❡!✐❞♦# ❝♦❧❡%✐✈❛♠❡♥%❡

❝♦♠♦ #♦❧✉-0❡# A%✐♠❛# ❛❧%❡!♥❛%✐✈❛#✳

❯♠ ♣!♦❜❧❡♠❛ ❞❡ ♣!♦❣!❛♠❛-*♦ ♥*♦✲❧✐♥❡❛! ♣♦❞❡ #❡! ❞❡❝❧❛!❛❞♦ ❝♦♠♦ ✉♠ ♣!♦✲

❜❧❡♠❛ ❞❡ ♠❛①✐♠✐③❛-*♦✱ ❡ ❛ ❞❡#✐❣✉❛❧❞❛❞❡ ❞❛# !❡#%!✐-0❡# ♣♦❞❡ #❡! ❡#❝!✐%❛ ♥❛ ❢♦!♠❛✿

gi(x) ≥ 0✱ ♣❛!❛ i = 1, ...,m✳

◆♦ ❝❛#♦ ❡#♣❡❝✐❛❧ ♦♥❞❡ ❛ ❢✉♥-*♦ ♦❜❥❡%✐✈♦ 5 ❧✐♥❡❛! ❡ 3✉❛♥❞♦ %♦❞❛# ❛# !❡#%!✐✲

-0❡#✱ ✐♥❝❧✉✐♥❞♦ ♦ ❝♦♥❥✉♥%♦ X✱ ♣♦❞❡♠ #❡! !❡♣!❡#❡♥%❛❞❛# ❡3✉❛-0❡# ❡✴♦✉ ✐♥❡3✉❛-0❡#

❧✐♥❡❛!❡#✱ ♦ ♣!♦❜❧❡♠❛ 5 ❝❤❛♠❛❞♦ ❞❡ G!♦❜❧❡♠❛ ❞❡ G!♦❣!❛♠❛-*♦ ▲✐♥❡❛!✳

❱;!✐♦# ♣!♦❜❧❡♠❛# ♣!;%✐❝♦# ♣♦❞❡♠ #❡! ♠♦❞❡❧❛❞♦# ❝♦♠♦ G!♦❜❧❡♠❛ ❞❡ G!♦❣!❛✲

♠❛-*♦ ▲✐♥❡❛!✳ ❊♥%!❡ ❡❧❡#✿ ♦ G!♦❜❧❡♠❛ ❞❡ ❘♦%❡❛♠❡♥%♦ ❞❡ ❱❡K❝✉❧♦#✱ ♦ G!♦❜❧❡♠❛ ❞❡

▲♦❝❛❧✐③❛-*♦ ❞❡ ❋❛❝✐❧✐❞❛❞❡#✱ ♦ G!♦❜❧❡♠❛ ❞❡ ❈♦!%❡ ❡ ♦ G!♦❜❧❡♠❛ ❞❡ ❆❧♦❝❛-*♦ ❞❡ ❘❡✲

❝✉!#♦# ❬✶✷❪✳ ❉❡✈✐❞♦ ❛ !❡❧❛-*♦ K♥%✐♠❛ ❡♥%!❡ ❡#%❡ T❧%✐♠♦ ❡ ♦ ♣!♦❜❧❡♠❛ ❡#%✉❞❛❞♦ ♥❡#%❡

%!❛❜❛❧❤♦✱ ♥❛ #❡3✉U♥❝✐❛ ❛♣!❡#❡♥%❛✲#❡ ✉♠❛ ❢♦!♠✉❧❛-*♦ ♠❛%❡♠;%✐❝❛ #✐♠♣❧❡# ♣❛!❛ ♦

G!♦❜❧❡♠❛ ❞❡ ❆❧♦❝❛-*♦ ❞❡ ❘❡❝✉!#♦# ✉#❛♥❞♦ ♦# ❝♦♥❝❡✐%♦# ❛♣!❡#❡♥%❛❞♦#✳

❈♦♥#✐❞❡!❡ ♦ ♣!♦❜❧❡♠❛ ❞❡ ♣!♦❣!❛♠❛-*♦ ❧✐♥❡❛! ❛♣!❡#❡♥%❛❞♦ ♣❡❧❛# ❊3✉❛-0❡# ✭✷✳✺✮✱

✭✷✳✻✮ ❡ ✭✷✳✼✮✿
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Max ctx ✭✷✳✺✮

S.a.

Ax ≤ b, ✭✷✳✻✮

x ≥ 0, ✭✷✳✼✮

♦♥❞❡ c ❡ x +,♦ ✈❡.♦/❡+ ❞❡ ❞✐♠❡♥+,♦ n❀

b 3 ✉♠ ✈❡.♦/ ❞❡ ❞✐♠❡♥+,♦ m❀

A =
[

a1 · · · an

]

3 ✉♠❛ ♠❛./✐③ ❞❡ ❞✐♠❡♥+,♦ m ① n✳

❖ ♣/♦❜❧❡♠❛ ❛❝✐♠❛ ♣♦❞❡ +❡/ ✐♥.❡/♣/❡.❛❞♦ ❝♦♠♦ ✉♠ ♠♦❞❡❧♦ ❞❡ ❛❧♦❝❛=,♦ ❞❡

/❡❝✉/+♦+ ❞❛ +❡❣✉✐♥.❡ ♠❛♥❡✐/❛✿

❙✉♣♦♥❤❛ B✉❡ ❡①✐+.❛♠ ♠ /❡❝✉/+♦+✱ ❡ ❛ B✉❛♥.✐❞❛❞❡ ❞❡ ❝❛❞❛ ✉♠ ❞❡❧❡+ ❡+.D ❛/♠❛✲

③❡♥❛❞❛ ♥♦ ✈❡.♦/✳ ❆++✐♠✱ b1✱ /❡♣/❡+❡♥.❛ ❛ B✉❛♥.✐❞❛❞❡ ❞✐+♣♦♥G✈❡❧ ❞♦ /❡❝✉/+♦ ✉♠✱ b2

❛ B✉❛♥.✐❞❛❞❡ ❞✐+♣♦♥G✈❡❧ ❞♦ /❡❝✉/+♦ ❞♦✐+✱ ❡ ❛++✐♠ +✉❝❡++✐✈❛♠❡♥.❡✳

b =















b1

b2
✳

✳

✳

bm















❆ ❝♦❧✉♥❛ aj ❞❡ A /❡♣/❡+❡♥.❛ ✉♠❛ ❛.✐✈✐❞❛❞❡ j✱

❆ ✈❛/✐D✈❡❧ xj /❡♣/❡+❡♥.❛ ♦ ♥G✈❡❧ ❞❛ ❛.✐✈✐❞❛❞❡ ❛ +❡/ +❡❧❡❝✐♦♥❛❞❛✱

H❛/❛ /❡❛❧✐③❛/ ✉♠❛ ❛.✐✈✐❞❛❞❡ j✱ +,♦ ♥❡❝❡++D/✐♦+ akj ✉♥✐❞❛❞❡+ ❞❡ ❝❛❞❛ /❡❝✉/+♦ k✳

H♦/.❛♥.♦✱ ♥♦ ♥G✈❡❧ xj✱ +,♦ ♥❡❝❡++D/✐❛+ akj xj ✉♥✐❞❛❞❡+ ❞❡ ❝❛❞❛ /❡❝✉/+♦ k✳ ❈♦♥+❡✲

B✉❡♥.❡♠❡♥.❡✱ ❝♦♥+✐❞❡/❡ ❛ /❡+./✐=,♦ ❛♣/❡+❡♥.❛❞❛ ♣❡❧❛ ❊B✉❛=,♦ ✭✷✳✽✮✿
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Ax =
n

∑

j=1

ajxj ≤ b ✭✷✳✽✮

❙❡ ♦ ❧✉❝+♦ ✉♥✐./+✐♦ ❞❛ ❛.✐✈✐❞❛❞❡ j 3 cj✱ ♦ ❧✉❝+♦ .♦.❛❧ 3 ❞❡.❡+♠✐♥❛❞♦ ♣❡❧❛ ❊8✉❛9:♦

✭✷✳✾✮✿

n
∑

j=1

cjxj = ctx ✭✷✳✾✮

❖❜❥❡.✐✈♦✿ ❊♥❝♦♥.+❛+ ❛ ♠❡❧❤♦+ ♠❛♥❡✐+❛ ❞❡ ❛❧♦❝❛+ ♦ +❡❝✉+A♦ b ♣❛+❛ ❛A ❞✐✈❡+A❛A

❛.✐✈✐❞❛❞❡A ❞✐A♣♦♥B✈❡✐A✱ .❛❧ 8✉❡ ♦ ❧✉❝+♦ .♦.❛❧ A❡❥❛ ♠❛①✐♠✐③❛❞♦✳

✷✳✷✳✷ ▼#$♦❞♦' ❆♣*♦①✐♠❛❞♦'

❆♣❡A❛+ ❞❡ A❡+❡♠ ❝❛♣❛③❡A ❞❡ ❡♥❝♦♥.+❛+ ❛A A♦❧✉9F❡A G.✐♠❛A✱ ♦A ♠3.♦❞♦A ♣✉✲
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✹✿ ✴✯ ●❡-❛23♦ ❞❡ .♦❧✉2;❡. ❝❛♥❞✐❞❛$❛. ✭✈✐③✐♥❤❛♥2❛ ♣❛-❝✐❛❧ ♦✉ ❝♦♠♣❧❡$❛✮ ❞❡ St ✯✴

✺✿ ●❡-❛23♦ ✭C✭St✮✮❀

✻✿ ✴✯ ❙❡❧❡❝✐♦♥❛ ✉♠❛ .♦❧✉23♦ ❞♦ ❝♦♥❥✉♥$♦ C✭St✮ ♣❛-❛ .✉❜.$✐$✉✐- ❛ .♦❧✉23♦ ❝♦--❡♥$❡

St ✯✴

✼✿ St+1❂❙❡❧❡❝✐♦♥❛ (C(St))❀
✽✿ $❂$✰✶❀

✾✿ ❯♥&✐❧ ♦ ❝-✐$F-✐♦ ❞❡ ♣❛-❛❞❛ .❡- .❛$✐.❢❡✐$♦

✶✵✿ ❖✉&♣✉& ▼❡❧❤♦- .♦❧✉23♦ ❡♥❝♦♥$-❛❞❛

❖ ❝♦♥❝❡✐$♦ ❞❡ ❜✉.❝❛ F ❝♦♠✉♠ ♣❛-❛ $♦❞❛. ❛. ♠❡$❛✲❤❡✉-'.$✐❝❛. ❞❡ .♦❧✉23♦ I♥✐❝❛✱

F ❛ ❞❡✜♥✐23♦ ❞❛ ❊4&$✉&✉$❛ ❞❡ ❱✐③✐♥❤❛♥9❛ ❡ ❛ ❞❡$❡-♠✐♥❛23♦ ❞❛ ❙♦❧✉9;♦ ■♥✐❝✐❛❧✳

✷✳✷✳✷✳✸ ◆♦9A❡4 ❞❡ ❱✐③✐♥❤❛♥9❛

❆ ❞❡✜♥✐23♦ ❞❡ ✈✐③✐♥❤❛♥2❛ F ✉♠ ♣❛..♦ ❝♦♠✉♠ ❡ ♥❡❝❡..N-✐♦ ♣❛-❛ ♣-♦❥❡$❛- O✉❛❧✲

O✉❡- ♠❡$❛✲❤❡✉-'.$✐❝❛ ❞❡ .♦❧✉23♦ I♥✐❝❛✳ ❙❡ ❛ ❡.$-✉$✉-❛ ❞❡ ✈✐③✐♥❤❛♥2❛ ♥3♦ ❢♦- ❛❞❡✲

O✉❛❞❛ ❛♦ ♣-♦❜❧❡♠❛✱ O✉❛❧O✉❡- ♠❡$❛✲❤❡✉-'.$✐❝❛ ❢❛❧❤❛-N ❡♠ .✉❛ -❡.♦❧✉23♦✳

❯♠❛ ❢✉♥9;♦ ✈✐③✐♥❤❛♥9❛ N D ✉♠ ♠❛♣❡❛♠❡♥&♦ N : S −→ 2|S|
E✉❡

❛&$✐❜✉✐ ♣❛$❛ ❝❛❞❛ 4♦❧✉9;♦ s ❞❡ S ✉♠ ❝♦♥❥✉♥&♦ ❞❡ 4♦❧✉9A❡4 N(s) ⊂ S

❬✸✺❪✳

❯♠❛ .♦❧✉23♦ s′ ♥❛ ✈✐③✐♥❤❛♥2❛ ❞❡ s (s′ ∈ N(S)) F ❝❤❛♠❛❞♦ ✉♠ ✈✐③✐♥❤♦ ❞❡ s✳

❯♠ ✈✐③✐♥❤♦ F ❣❡-❛❞♦ ♣❡❧❛ ❛♣❧✐❝❛23♦ ❞❡ ✉♠ ♦♣❡-❛❞♦- O✉❡ ❡①❡❝✉$❛ ♠♦✈✐♠❡♥$♦ m

❞✐❛♥$❡ ❞❡ ✉♠❛ ♣❡O✉❡♥❛ ♣❡-$✉-❜❛23♦ ♥❛ .♦❧✉23♦ s✱ ✈✐❞❡ ❋✐❣✉-❛ ✷✳✸✳ ❆ ♣-♦♣-✐❡❞❛❞❡

♣-✐♥❝✐♣❛❧ O✉❡ ❝❛-❛❝$❡-✐③❛ ✉♠❛ ✈✐③✐♥❤❛♥2❛ F ❛ ❧♦❝❛❧✐❞❛❞❡✳ ❆ ❧♦❝❛❧✐❞❛❞❡ F ♦ ❡❢❡✐$♦

.♦❜-❡ ❛ .♦❧✉23♦ ❛♦ ❡①❡❝✉$❛- ♦ ♠♦✈✐♠❡♥$♦ ✭♣❡-$✉-❜❛23♦✮ ♥❛ -❡♣-❡.❡♥$❛23♦✳ ◗✉❛♥❞♦

♣❡O✉❡♥❛. ♠✉❞❛♥2❛. .3♦ ❢❡✐$❛. ♥❛ -❡♣-❡.❡♥$❛23♦✱ ❛ .♦❧✉23♦ ❞❡✈❡ -❡✈❡❧❛- ♣❡O✉❡♥❛.

♠✉❞❛♥2❛.✳ ◗✉❛♥❞♦ ✐..♦ ♦❝♦--❡✱ ❛ ✈✐③✐♥❤❛♥2❛ F ❞✐$❛ $❡- ✉♠❛ ❢♦-$❡ ❧♦❝❛❧✐❞❛❞❡✳ ❆

❧♦❝❛❧✐❞❛❞❡ ❢-❛❝❛ F ❝❛-❛❝$❡-✐③❛❞❛ ♣❡❧♦ ❣-❛♥❞❡ ❡❢❡✐$♦ ♥❛ .♦❧✉23♦ O✉❛♥❞♦ ✉♠❛ ♣❡O✉❡♥❛
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♠✉❞❛♥%❛ & ❢❡✐*❛ ♥❛ +❡♣+❡-❡♥*❛%.♦✳ ❊♠ ❝❛-♦- ❡①*+❡♠♦- ❞❡ ❧♦❝❛❧✐③❛%.♦ ❢+❛❝❛✱ ❛

♣+♦❝❡--♦ ❞❡ ♦*✐♠✐③❛%.♦ *❡♥❞❡+7 ❛ ✉♠❛ ❜✉-❝❛ ❛❧❡❛*9+✐❛ ♥♦ ❡-♣❛%♦ ❞❡ -♦❧✉%:❡-✳

❋✐❣✉+❛ ✷✳✸✿ ❋✉♥❝✐♦♥❛♠❡♥*♦ ❞❛ ❣❡+❛%.♦ ❞❡ ✈✐③✐♥❤❛♥%❛✳ ❬✶✻❪

❆ ❡-*+✉*✉+❛ ❞❡ ✈✐③✐♥❤❛♥%❛ ❞❡♣❡♥❞❡ ❞♦ ♦❜❥❡*✐✈♦ ❞♦ ♣+♦❜❧❡♠❛ ❞❡ ♦*✐♠✐③❛%.♦✳

❆ ✈✐③✐♥❤❛♥%❛ ♣♦❞❡ -❡+ ❞❡✜♥✐❞❛ ❡♠  !♦❜❧❡♠❛( ❞❡ ❖+✐♠✐③❛./♦ ❈♦♥+2♥✉❛ ❡

❉✐(❝!❡+❛✳

❆ ✈✐③✐♥❤❛♥.❛ N(s) ❞❡ ✉♠❛ (♦❧✉./♦ s ❡♠ ✉♠ ❡(♣❛.♦ ❝♦♥+2♥✉♦ : ❛

❡(❢❡!❛ ❝♦♠ ❝❡♥+!♦ s ❡ !❛✐♦ ✐❣✉❛❧ ❛ ǫ✱ ❝♦♠ ǫ > 0 ❬✸✺❪✳

❈♦♥-❡J✉❡♥*❡♠❡♥*❡✱ ♦ ❝♦♥❥✉♥*♦ ✈✐③✐♥❤❛♥%❛ -❡+7 ❞❡✜♥✐❞♦ ♣♦+✿ ◆✭-✮❂{s′ ∈ R
n | ||s′−

s|| < ǫ}✱ -❡♥❞♦ ||s′− s|| ❛ ♥♦+♠❛ ❊✉❝❧✐❞✐❛♥❛✱ J✉❡ +❡♣+❡-❡♥*❛ ❛ ❞✐-*O♥❝✐❛ ❊✉❝❧✐❞✐❛♥❛

❡♥*+❡ s′ ❡ s✱ ✐❧✉-*+❛❞♦ ♥❛ ❋✐❣✉+❛ ✷✳✹✳ ◆❡-*❛ ✜❣✉+❛✱ ♦ ❝Q+❝✉❧♦ +❡♣+❡-❡♥*❛ ✈✐③✐♥❤❛♥%❛✱

N(s)✱ ❞❡ s ❡♠ ✉♠ ♣+♦❜❧❡♠❛ ❝♦♥*Q♥✉♦✳
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❋✐❣✉$❛ ✷✳✹✿ ❱✐③✐♥❤❛♥.❛ ❡♠ ✉♠ ❡1♣❛.♦ ❝♦♥56♥✉♦✳❬✸✺❪

❊♠ ✉♠ ♣$♦❜❧❡♠❛ ❞❡ ♦+✐♠✐③❛./♦ ❞✐0❝$❡+❛✱ ❛ ✈✐③✐♥❤❛♥.❛ N(s) ❞❡

✉♠❛ 0♦❧✉./♦ s 6 $❡♣$❡0❡♥+❛❞❛ ♣❡❧♦ ❝♦♥❥✉♥+♦ (s′ | d(s′, s) ≤ ǫ)✱ ♦♥❞❡

d $❡♣$❡0❡♥+❛ ✉♠❛ ❞❛❞❛ ❞✐0+8♥❝✐❛ 9✉❡ 6 $❡❧❛+❛❞❛ ♣❡❧♦ ♠♦✈✐♠❡♥+♦ ❞♦

♦♣❡$❛❞♦$ ❬✸✺❪✳

❋✐❣✉$❛ ✷✳✺✿ ❱✐③✐♥❤❛♥.❛ ♣❛$❛ ✉♠ ♣$♦❜❧❡♠❛ ❜✐♥=$✐♦ ❞❡ ❖5✐♠✐③❛.@♦ ❉✐1❝$❡5❛ ❬✸✺❪

❆ ❋✐❣✉$❛ ✷✳✺ ♠♦15$❛ ✉♠ ❡①❡♠♣❧♦ ❞❡ ✈✐③✐♥❤❛♥.❛ ❞✐1❝$❡5❛ ♣❛$❛ ✉♠❛ 1♦❧✉.@♦ ❞❡

$❡♣$❡1❡♥5❛.@♦ ❜✐♥=$✐❛✳ ◆❛ ✐❧✉15$❛.@♦ ❞❛ ✈✐③✐♥❤❛♥.❛ ❞✐1❝$❡5❛ ❛❝✐♠❛✱ ♦1 ♥♦❞♦1 ❞♦
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❝✉❜♦ $❡♣$❡'❡♥)❛♠ ❛' '♦❧✉-.❡' ❞♦ ♣$♦❜❧❡♠❛✳ 1♦$ ❡①❡♠♣❧♦✱ ♦' ✈✐③✐♥❤♦' ❞❛ '♦❧✉-8♦

❝♦$$❡♥)❡ ✭✵✱✶✱✵✮ ✲ ◆♦❞♦ ❈✐♥③❛ ✲ '8♦ ♦' ♥♦❞♦' ❛❞❥❛❝❡♥)❡' ♥♦ ❣$B✜❝♦ ✲ ◆♦❞♦' 1$❡)♦'✳

❆ ❞❡✜♥✐-8♦ ❞❡ ✈✐③✐♥❤❛♥-❛ ❞❡♣❡♥❞❡ ❞❛ $❡♣$❡'❡♥)❛-8♦ ❡')$✉)✉$❛❧ ❛''♦❝✐❛❞❛ ❛♦

♣$♦❜❧❡♠❛✳ ❆❧❣✉♠❛' ✈✐③✐♥❤❛♥-❛' ✉'✉❛✐' '8♦ ❛''♦❝✐❛❞❛' ❛ ❝♦❞✐✜❝❛-.❡' )$❛❞✐❝✐♦✲

♥❛✐'✳ ❆ ✈✐③✐♥❤❛♥-❛ ♥❛)✉$❛❧ ♣❛$❛ $❡♣$❡'❡♥)❛-8♦ ❜✐♥B$✐❛ E ❜❛'❡❛❞❛ ♥❛ ❉✐"#$♥❝✐❛

❞❡ ❍❛♠♠✐♥❣ ✱ F✉❡✱ ♥❡')❡ ❝❛'♦✱ ♣♦❞❡ '❡$ ❞❡✜♥✐❞❛ ❝♦♠♦ ❛ F✉❛♥)✐❞❛❞❡ ❞❡ ♣♦'✐-.❡'

❡♠ F✉❡ ❛' $❡♣$❡'❡♥)❛-.❡' ❞❛' ❞✉❛' '♦❧✉-.❡' ❞✐❢❡$❡♠✳ ❆' ✈✐③✐♥❤❛♥-❛' ♠❛✐' ❝♦♠✉♥'

♣❛$❛ ❛ $❡♣$❡'❡♥)❛-8♦ ❜✐♥B$✐❛ ✉)✐❧✐③❛❞❛' ♥❛ ❧✐)❡$❛)✉$❛ ♣♦''✉❡♠ ❞✐')H♥❝✐❛ ❞❡ ❍❛♠✲

♠✐♥❣ ✐❣✉❛❧ ❛ ✵✶ ✭✉♠✮✱ ♦✉ '❡❥❛✱ ♦' ✈✐③✐♥❤♦' ❞❡ ✉♠❛ '♦❧✉-8♦ s ❞✐❢❡$❡♠ ❞❡')❛ ❡♠

❛♣❡♥❛' ✉♠❛ ♣♦'✐-8♦✳ ❆''✐♠✱ ✉♠ ✈❡)♦$ ❜✐♥B$✐♦ ❞❡ )❛♠❛♥❤♦ n )❡$B n ✈✐③✐♥❤♦'✳

❆ ✈✐③✐♥❤❛♥-❛ ❞❡ ❍❛♠♠✐♥❣ ♣❛$❛ ❝♦❞✐✜❝❛-8♦ ❜✐♥B$✐❛ ♣♦❞❡ '❡$ ❡')❡♥❞✐❞❛ ♣❛$❛

F✉❛❧F✉❡$ $❡♣$❡'❡♥)❛-8♦ ❞❡ ✈❡)♦$ ❞✐'❝$❡)♦ ✉'❛♥❞♦ ✉♠ ❞❛❞♦ ❛❧❢❛❜❡)♦

∑

✳ ❉❡ ❢❛%♦✱ ❛

(✉❜(%✐%✉✐,-♦ ♣♦❞❡ (❡0 ❣❡♥❡0❛❧✐③❛❞❛ (✉❜(%✐%✉✐♥❞♦ ♦ ✈❛❧♦0 ❞✐(❝0❡%♦ ❞❡ ✉♠ ❡❧❡♠❡♥%♦

❞♦ ✈❡%♦0 ♣♦0 8✉❛❧8✉❡0 ♦✉%0♦ ❝❛09❝%❡0 ❞♦ ❛❧❢❛❜❡%♦✳ ❙❡ ❛ ❝❛0❞✐♥❛❧✐❞❛❞❡ ❞♦ ❛❧❢❛❜❡%♦

∑

; K✱ ♦ %❛♠❛♥❤♦ ❞❛ ✈✐③✐♥❤❛♥,❛ (❡09 (K − 1) × n ♣❛0❛ ✉♠ ✈❡%♦0 ❞✐(❝0❡%♦ ❞❡

%❛♠❛♥❤♦ n✳

=♦0;♠✱ ♣❛0❛ 0❡♣0❡(❡♥%❛,>❡( ❜❛(❡❛❞❛( ❡♠ ♣❡"♠✉%❛'(❡)✱ ❝♦♠♦ ❛ ✉%✐❧✐③❛❞❛ ♥❡(%❡

%0❛❜❛❧❤♦✱ ✉♠❛ ✈✐③✐♥❤❛♥,❛ ✉(✉❛❧ ; ❛8✉❡❧❛ ❜❛(❡❛❞❛ ♥♦ ❖♣❡"❛❞♦" ❙✇❛♣ ♦✉ ❖♣❡"❛✲

❞♦" ❞❡ ❚"♦❝❛ 8✉❡ ❝♦♥(✐(%❡ ❡♠ ♣❡0♠✉%❛0 ❛ ❧♦❝❛❧✐③❛,-♦ ❞❡ ❞♦✐( ❡❧❡♠❡♥%♦( Si ❡ Sj ❞❛

♣❡0♠✉%❛,-♦✳ =❛0❛ ✉♠❛ ♣❡0♠✉%❛,-♦ ❞❡ %❛♠❛♥❤♦ n✱ ♦ %❛♠❛♥❤♦ ❞❡(%❛ ✈✐③✐♥❤❛♥,❛ ;

n×(n−1)/2✳ ❊(%❡ ♦♣❡0❛❞♦0 ♣♦❞❡ %❛♠❜;♠ (❡0 ❛♣❧✐❝❛❞♦ ❡♠ 8✉❛❧8✉❡0 0❡♣0❡(❡♥%❛,-♦

❧✐♥❡❛0✳ ❆ ❋✐❣✉0❛ ✷✳✻ ♠♦(%0❛ ❛ ✈✐③✐♥❤❛♥,❛ ❛((♦❝✐❛❞❛ ❛ ✉♠ ♣0♦❜❧❡♠❛ ❞❡ ♦%✐♠✐③❛,-♦

❝♦♠❜✐♥❛%D0✐❛ ✉(❛♥❞♦ ❛ ❝♦❞✐✜❝❛,-♦ ♣❡0♠✉%❛,-♦✳ ◆❡(%❡ ❝❛(♦✱ ❛ ❞✐(%G♥❝✐❛ ; ❜❛(❡✲

❛❞❛ ♥♦ ♠♦✈✐♠❡♥%♦ ❞♦ ♦♣❡0❛❞♦0  ✇❛♣✳ ❆✐♥❞❛ ♥❡(%❛ ❋✐❣✉0❛ ✷✳✻✱ (❡❣✉♥❞♦ ❬✷✹❪✱ ❡(%❛

0❡♣0❡(❡♥%❛ ✉♠ ❣0❛❢♦ ♦♥❞❡ ♦( ✈;0%✐❝❡( (-♦ ❛( (♦❧✉,>❡( ✭♣♦((M✈❡✐( ♣❡0♠✉%❛,>❡( ♣❛0❛

✉♠ ✈❡%♦0 ❞❡ ✸ ♣♦(✐,>❡(✮ ❡ ♦( ❛0❝♦( (-♦ ❛ 0❡❧❛,-♦ ❞❡ ✈✐③✐♥❤❛♥,❛✳ ◆❡(%❡ (❡♥%✐❞♦✱

❞♦✐( ✈;0%✐❝❡( (-♦ ❝♦♥❡❝%❛❞♦( (❡✱ ❡ (♦♠❡♥%❡ (❡✱ ❛( (♦❧✉,>❡( 0❡♣0❡(❡♥%❛❞❛( ♣♦0 ❡(%❡(

✈;0%✐❝❡( (-♦ ✈✐③✐♥❤❛(✱ ♦✉ (❡❥❛✱ (❡ ❛ ♣❛0%✐0 ❞❡ ✉♠❛ ; ♣♦((M✈❡❧ ❝❤❡❣❛0 ❛ ♦✉%0❛ ❢❛③❡♥❞♦

❛♣❡♥❛( ✉♠❛ Q♥✐❝❛ %0♦❝❛ ❡♥%0❡ ❞✉❛( ♣♦(✐,>❡( 8✉❛✐(8✉❡0 ❞♦ ✈❡%♦0✳
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❋✐❣✉$❛ ✷✳✻✿ ❱✐③✐♥❤❛♥.❛ ❛//♦❝✐❛❞❛ ❛♦ ♣$♦❜❧❡♠❛ ❖❈ ✉/❛♥❞♦ ♦♣❡$❛❞♦$  ✇❛♣ ❬✸✺❪

 !✐♠♦ ▲♦❝❛❧✿ *❛+❛ ✉♠❛ ❞❛❞❛ ❢✉♥01♦ ❞❡ ✈✐③✐♥❤❛♥0❛ N ✱ ✉♠❛ 7♦❧✉01♦

s ∈ S 8 ✉♠ 9!✐♠♦ ❧♦❝❛❧ 7❡ ❡❧❡ !❡♠ ✉♠❛ ♠❡❧❤♦+ :✉❛❧✐❞❛❞❡ :✉❡ !♦❞♦7 7❡✉7

✈✐③✐♥❤♦7✱ :✉❡ 8✱ f(s) ≤ f(s′)✱ ♣❛+❛ ✉♠ ♣+♦❜❧❡♠❛ ❞❡ ♠✐♥✐♠✐③❛01♦✱ ♦✉

❛✐♥❞❛✱ f(s) ≥ f(s′)✱ ♣❛+❛ ✉♠ ♣+♦❜❧❡♠❛ ❞❡ ♠❛①✐♠✐③❛01♦✱ ♣❛+❛ !♦❞♦ s′ ∈

N(s)✳

>❛$❛ ✉♠ ♠❡/♠♦ ♣$♦❜❧❡♠❛ ❞❡ ♦?✐♠✐③❛.@♦✱ ✉♠ B?✐♠♦ ❧♦❝❛❧ ♣❛$❛ ✉♠❛ ✈✐③✐♥❤❛♥.❛

N1 ♣♦❞❡ ♥@♦ /❡$ ✉♠ B?✐♠♦ ❧♦❝❛❧ ♣❛$❛ ✉♠❛ ✈✐③✐♥❤❛♥.❛ N2 ❞✐❢❡$❡♥?❡✱ ✈✐❞❡ ✜❣✉$❛

❛❜❛✐①♦✳
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❋✐❣✉$❛ ✷✳✼✿ *+✐♠♦ ▲♦❝❛❧ ❡ ●❧♦❜❛❧ ❡♠ ✉♠ ❊5♣❛7♦ ❞❡ ❇✉5❝❛ ❬✷✺❪

❆ +>+✉❧♦ ❞❡ ♠❡❧❤♦$ ❝♦♠♣$❡❡♥5A♦ ❞♦ ❛55✉♥+♦ 5♦❜$❡ ✈✐③✐♥❤❛♥7❛✱ ❛♣$❡5❡♥+❛✲5❡

❛❜❛✐①♦✱ ✉♠ ♣❡G✉❡♥♦ ❡①❡♠♣❧♦ G✉❡ ✐❧✉5+$❛ ❝♦♠♦ ♦ ♦♣❡$❛❞♦$ ❞❡ ♣❡$♠✉+❛ 5❡ ❝♦♠♣♦$+❛

G✉❛♥❞♦ ❝♦♠♣❛$❛❞♦ ❛♦ ♦♣❡$❛❞♦$ ❞❡ ❞✐5+H♥❝✐❛ ❞❛ ✈✐③✐♥❤❛♥7❛✳

❊①❡♠♣❧♦ ✷✳✶✿ ❦✲❞✐5+H♥❝✐❛ ❞❛ ✈✐③✐♥❤❛♥7❛ ✈❡"#✉# ❦✲+$♦❝❛ ❞❛ ✈✐③✐♥❤❛♥7❛

J❛$❛ ❡5+❡ ❡①❡♠♣❧♦✱ 5❡$K ❝♦♥5✐❞❡$❛❞♦ ♦ ❚"❛✈❡❧❧✐♥❣ ❙❛❧❡#♠❛♥ -"♦❜❧❡♠ ✭❚❙J✮✱

❞❡✜♥✐❞♦ ♣♦$ ❬✷✹❪ ❝♦♠♦ ✉♠ ❝♦♥❥✉♥+♦ ❞❡ ❝✐❞❛❞❡5 G✉❡ ❞❡✈❡♠ 5❡$ ♦$❞❡♥❛❞❛5 ♣❛$❛

♠✐♥✐♠✐③❛$ ❛ ❞✐5+H♥❝✐❛ +♦+❛❧ ❞❡ ✉♠❛ $♦+❛ G✉❡ ♣❛55❛ ♣♦$ +♦❞❛5 ❛5 ❝✐❞❛❞❡5✳

J❛$❛ ♣$♦❜❧❡♠❛5 ❞❡ ♣❡$♠✉+❛7A♦ ✭+$♦❝❛ ♦✉ #✇❛♣✮✱ ❝♦♠♦ ♦❝♦$$❡ ♥♦ ❚"❛✈❡❧❧✐♥❣

❙❛❧❡#♠❛♥ -"♦❜❧❡♠✱ ♦ ♦♣❡$❛❞♦$ ❞❡ ♣❡$♠✉+❛7A♦ ✭♦♣❡$❛❞♦$ #✇❛♣✮ ♣♦❞❡ 5❡$ ✉5❛❞♦

❝♦♠♦ ♥❛ ❋✐❣✉$❛ ✷✳✽✳ ❖ +❛♠❛♥❤♦ ❞❛ ✈✐③✐♥❤❛♥7❛ U n× (n− 1)/2 ♦♥❞❡ n $❡♣$❡5❡♥+❛

♦ ♥V♠❡$♦ ❞❡ ❝✐❞❛❞❡5✳

❯♠ ♦✉+$♦ ♦♣❡$❛❞♦$ ♠✉✐+♦ ✉5❛❞♦ U ♦ ♦♣❡$❛❞♦$ ❞❡ ♣❡$♠✉+❛✲k ❬✸✺❪ ♦♥❞❡ k ❛$❡5+❛5

5A♦ $❡♠♦✈✐❞❛5 ❞❛ 5♦❧✉7A♦ ❡ 5✉❜5+✐+✉>❞❛5 ❝♦♠ ♦✉+$❛5 k ❛$❡5+❛5✳ ❆5 ❋✐❣✉$❛5 ✷✳✽ ❡

✷✳✾ ✐❧✉5+$❛♠ ❛ ❛♣❧✐❝❛7A♦ ❞♦ ♦♣❡$❛❞♦$ ❞❡ ♣❡$♠✉+❛✲✷ ❡ ♣❡$♠✉+❛✲✸✱ $❡5♣❡❝+✐✈❛♠❡♥+❡✱

♣❛$❛ ♦ J❈❱✳ ❆ ✈✐③✐♥❤❛♥7❛ ♣❛$❛ ♦ ♦♣❡$❛❞♦$ ❞❡ ♣❡$♠✉+❛✲✷ U $❡♣$❡5❡♥+❛❞❛ ♣♦$ +♦❞❛5
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❛! ♣❡$♠✉'❛()❡! ♦❜'✐❞❛! ♣❡❧❛ $❡♠♦(/♦ ❞❡ ✷ ❛$❡!'❛!✳

❊❧❛ !✉❜!'✐'✉✐ ❞✉❛! ❛$❡!'❛! ❞✐$✐❣✐❞❛! (Πi,Πi+1) ❡ (Πj,Πj+1) ♣♦$ (Πi,Πj) ❡ (Πi+1,Πj+1)✱

♦♥❞❡ i 6= j − 1✱ j✱ j + 1✳ ❋♦$♠❛❧♠❡♥'❡ ❛ !♦❧✉(/♦ ✈✐③✐♥❤❛ : ❞❡✜♥✐❞❛ ❝♦♠♦✿

{

Π′(k) = Π(k) ♣❛$❛ k ≤ i ♦✉ k > j,

Π′(k) = Π(i+ j + 1− k) ♣❛$❛ i < k ≤ j.

❖ '❛♠❛♥❤♦ ❞❛ ✈✐③✐♥❤❛♥(❛ ♣❛$❛ ♦ ♦♣❡$❛❞♦$ ❞❡ ♣❡$♠✉'❛✲✷ : [(n×(n−1)/2)−n]✱

'♦❞♦! ♦! ♣❛$❡! ❞❡ ❛$❡!'❛! !/♦ ❝♦♥!✐❞❡$❛❞♦!✱ ♠❡♥♦! ♦! ♣❛$❡! ❛❞❥❛❝❡♥'❡!✳

❋✐❣✉$❛ ✷✳✽✿ ❖♣❡$❛❞♦$ ❞❡ ❚$♦❝❛ ❞❡ ❈✐❞❛❞❡ ❡ ❖♣❡$❛❞♦$ ❞❡ D❡$♠✉'❛✲✷ ♣❛$❛ ♦ ❚❙D

❬✸✺❪
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❋✐❣✉$❛ ✷✳✾✿ ❖♣❡$❛❞♦$ ❞❡ /❡$♠✉1❛✲✸ ♣❛$❛ ♦ ❚❙/ ❬✸✺❪

/❛$❛ ❛ ❋✐❣✉$❛ ✷✳✾ ♦9 ✈✐③✐♥❤♦9 ❞❛ 9♦❧✉?@♦ ✭❆✱❇✱❈✱❉✱❊✱❋✮ 9@♦ ✭❆✱❇✱❋✱❊✱❈✱❉✮✱

✭❆✱❇✱❉✱❈✳❋✱❊✮✱ ✭❆✱❇✱❊✱❋✱❈✱❉✮ ❡ ✭❆✱❇✱❊✱❋✱❉✱❈✮✳

❈♦♠♦ ❥J ♠❡♥❝✐♦♥❛❞♦✱ ❛ ❡✜❝✐M♥❝✐❛ ❞❡ ✉♠❛ ✈✐③✐♥❤❛♥?❛ ♥@♦ ❡91J $❡❧❛❝✐♦♥❛❞❛ 9♦✲

♠❡♥1❡ N $❡♣$❡9❡♥1❛?@♦ ❡91$✉1✉$❛❧✱ ♠❛9 1❛♠❜P♠ ❛♦ 1✐♣♦ ❞❡ ♣$♦❜❧❡♠❛ ❛ 9❡$ $❡9♦❧✈✐❞♦

❬✸✺❪✳ /♦$ ❡①❡♠♣❧♦✱ ❡♠ ♣$♦❜❧❡♠❛9 ❞❡  ❝❤❡❞✉❧✐♥❣✱ ❛ ♣❡$♠✉1❛?@♦ $❡♣$❡9❡♥1❛ ✉♠❛ ✜❧❛

❞❡ ♣$✐♦$✐❞❛❞❡✳ ❊♥1@♦✱ ❛ ♦$❞❡♠ $❡❧❛1✐✈❛ ♥❛ 9❡R✉❡♥❝✐❛ P ♠✉✐1♦ ✐♠♣♦$1❛♥1❡✳ ❏J ♥♦

❚❙/ ♦ ❡❧❡♠❡♥1♦ ❛❞❥❛❝❡♥1❡ ❛♦ ❛♥❛❧✐9❛❞♦ P ✐♠♣♦$1❛♥1❡✳ ❊♠ ♣$♦❜❧❡♠❛9 ❞❡ ❛❣❡♥❞❛✲

♠❡♥1♦✱ ♦ ♦♣❡$❛❞♦$ ❞❡ ♣❡$♠✉1❛✲✷ ✐$J ❣❡$❛$ ✉♠❛ ❣$❛♥❞❡ ✈❛$✐❛?@♦ ✭❧♦❝❛❧✐❞❛❞❡ ❢$❛❝❛✮✱

❡♥R✉❛♥1♦ R✉❡ ♣❛$❛ ♣$♦❜❧❡♠❛9 ❞❡ $♦1✐♥❛ ❝♦♠♦ ❚❙/✱ ♦ ♦♣❡$❛❞♦$ P ♠✉✐1♦ ❡✜❝✐❡♥1❡

❞❡✈✐❞♦ ❛ ♣❡R✉❡♥❛ ✈❛$✐❛?@♦ ✭❧♦❝❛❧✐❞❛❞❡ ❢♦$1❡✮✳

❊①❡♠♣❧♦ ✷✳✷✿ ❱✐③✐♥❤❛♥?❛ ♣❛$❛ /$♦❜❧❡♠❛9 ❞❡ /❡$♠✉1❛?@♦ ❞❡ ❆❣❡♥❞❛♠❡♥1♦
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❡*#❛❞♦ ❞❡ ❡=✉✐❧)❜(✐♦✳ ◆❡*#❡ ❝♦♥#❡①#♦✱ ❢❛③❡♥❞♦ ✉♠❛ ❛♥❛❧♦❣✐❛ ❡♥#(❡ ♦ *✐*#❡♠❛ ❢)*✐❝♦

❡ ♦ ♣(♦❜❧❡♠❛ ❞❡ ♦#✐♠✐③❛56♦✱ ❛ ❢✉♥56♦ ♦❜❥❡#✐✈♦ R ❛♥Q❧♦❣♦ ❛♦ ❡*#❛❞♦ ❞❡ ❡♥❡(❣✐❛ ❞♦

*✐*#❡♠❛✳ ❯♠❛ *♦❧✉56♦ ❞♦ ♣(♦❜❧❡♠❛ ❞❡ ♦#✐♠✐③❛56♦ ❝♦((❡*♣♦♥❞❡ ❛ ✉♠ ❡*#❛❞♦ ❞♦

*✐*#❡♠❛✳ ❆ ✈❛(✐Q✈❡❧ ❞❡ ❞❡❝✐*6♦ ❛**♦❝✐❛❞❛ ❛ ✉♠❛ *♦❧✉56♦ ❞♦ ♣(♦❜❧❡♠❛ *6♦ ❛♥Q❧♦❣❛*

❛* ♣♦*✐5S❡* ♠♦❧❡❝✉❧❛(❡*✳ ❖ Y#✐♠♦ ❣❧♦❜❛❧ ❝♦((❡*♣♦♥❞❡ ❛♦ ❡*#❛❞♦ ❢✉♥❞❛♠❡♥#❛❧ ❞♦

*✐*#❡♠❛✳ ❊♥#6♦✱ ❡♥❝♦♥#(❛( ✉♠ ♠)♥✐♠♦ ❧♦❝❛❧ ✐♥❞✐❝❛ =✉❡ ✉♠ ❡*#❛❞♦ ♠❡#❛❡*#Q✈❡❧ ❢♦✐

❛#✐♥❣✐❞♦✳ ❈♦♠♦ ❞✐#♦ ❛♥#❡(✐♦(♠❡♥#❡✱ ♦ ❙❆ R ✉♠ ❛❧❣♦(✐#♠♦ ❡*#♦❝Q*#✐❝♦✱ =✉❡ ♣❡(♠✐#❡

*♦❜ ❛❧❣✉♠❛* ❝♦♥❞✐5S❡*✱ ❛ ❞❡❣(❛❞❛56♦ ❞❡ ✉♠❛ *♦❧✉56♦✳ ❖ ♦❜❥❡#✐✈♦ R ❡*❝❛♣❛( ❞❡

Y#✐♠♦* ❧♦❝❛✐* ❡✱ ❛**✐♠✱ ❡✈✐#❛( ✉♠❛ ❝♦♥✈❡(❣9♥❝✐❛ ♣(❡♠❛#✉(❛✳ ❊*#❡ ♠R#♦❞♦ ❢✉♥❝✐♦♥❛
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 ❡♠ ♠❡♠#$✐❛✱ ♦✉  ❡❥❛✱ ♦ ❛❧❣♦$✐-♠♦ ♥/♦ ✉-✐❧✐③❛ -♦❞❛ ✐♥❢♦$♠❛3/♦ $❡❝♦❧❤✐❞❛ ❞✉$❛♥-❡

❛ ♣❡ 7✉✐ ❛ ♣❛$❛ ❡ ❝♦❧❤❛ ❞♦ ♣$#①✐♠♦ ✈✐③✐♥❤♦ ❝❛♥❞✐❞❛-♦✳

❆ ♣❛$-✐$ ❞❡ ✉♠❛  ♦❧✉3/♦ ✐♥✐❝✐❛❧✱ ♦ ❙❆ ♣$♦  ❡❣✉❡ ❡♠ ✈=$✐❛ ✐-❡$❛3>❡ ✳ ❊♠

❝❛❞❛ ✐-❡$❛3/♦✱ ✉♠ ✈✐③✐♥❤♦ ❛❧❡❛-#$✐♦ s′ @ ❣❡$❛❞♦ ❛ ♣❛$-✐$ ❞❛  ♦❧✉3/♦ ❝♦$$❡♥-❡ s✳

▼♦✈✐♠❡♥-♦ 7✉❡ ♠❡❧❤♦$❛♠ ❛ ❢✉♥3/♦ ❝✉ -♦  /♦  ❡♠♣$❡ ❛❝❡✐-♦ ✳ ❈❛ ♦ ❝♦♥-$=$✐♦✱

♦ ✈✐③✐♥❤♦ @  ❡❧❡❝✐♦♥❛❞♦ ❝♦♠ ✉♠❛ ❝❡$-❛ ♣$♦❜❛❜✐❧✐❞❛❞❡ ❞❡ ❛❝❡✐-❛3/♦ 7✉❡ ❞❡♣❡♥❞❡

❞❛ -❡♠♣❡$❛-✉$❛ ❛-✉❛❧ ❡ ❞❛ ✈❛$✐❛3/♦ ♥❛ ❢✉♥3/♦ ♦❜❥❡-✐✈♦✳ ❊  ❛ ✈❛$✐❛3/♦ $❡♣$❡ ❡♥-❛

❛ ❞✐❢❡$❡♥3❛ ♥♦ ✈❛❧♦$ ❞❛ ❢✉♥3/♦ ♦❜❥❡-✐✈♦ ✭❡♥❡$❣✐❛✮ ❡♥-$❡ ❛  ♦❧✉3/♦ ❝♦$$❡♥-❡ ❡ ❛

 ♦❧✉3/♦ ✈✐③✐♥❤❛ ❣❡$❛❞❛✳ ❆♦ ❧♦♥❣♦ ❞♦ ♣$♦❣$❡  ♦ ❞♦ ❛❧❣♦$✐-♠♦✱ ❛ ♣$♦❜❛❜✐❧✐❞❛❞❡ 7✉❡

-❛❧ ♠♦✈✐♠❡♥-♦  ❡❥❛ ❛❝❡✐-♦ ❞✐♠✐♥✉✐✱ ❝♦♠♦ ♠♦ -$❛ ❛ ❋✐❣✉$❛ ✷✳✶✹✳ ❊ -❛ ♣$♦❜❛❜✐❧✐❞❛❞❡

 ❡❣✉❡ ♥♦ ❣❡$❛❧✱ ❛ ❞✐ -$✐❜✉✐3/♦ ❞❡ ❇♦❧#③♠❛♥♥✱ ❝♦♥❢♦$♠❡ ❛♣$❡ ❡♥-❛❞♦ ♣❡❧❛ ❊7✉❛3/♦

✷✳✶✵✿

P (△, T ) = e−△/t ✭✷✳✶✵✮

♦♥❞❡ △❂ f(s′)− f(s)✳

❊ -❡ ✉ ❛ ❝♦♠♦ ♣❛$M♠❡-$♦ ❞❡ ❝♦♥-$♦❧❡✱ ❛ -❡♠♣❡$❛-✉$❛✱ ♣❛$❛ ❞❡-❡$♠✐♥❛$ ❛ ♣$♦✲

❜❛❜✐❧✐❞❛❞❡ ❞❡ ❛❝❡✐-❛3/♦ ❞❡  ♦❧✉3>❡ ♣✐♦$❡ ✳ ❊♠ ♣❛$-✐❝✉❧❛$✱ ❢❛③✲ ❡ ❡①♣❡$✐♠❡♥-♦ 

♣❛$❛ ❞❡-❡$♠✐♥❛$ ♦ ♥O✈❡❧ ❞❡ -❡♠♣❡$❛-✉$❛✳ ❯♠❛ ✈❡③ 7✉❡ ♦ ❡ -❛❞♦ ❞❡ ❡7✉✐❧O❜$✐♦ @

❛❧❝❛♥3❛❞♦✱ ❛ -❡♠♣❡$❛-✉$❛ @ $❡❞✉③✐❞❛ ❣$❛❞✉❛❧♠❡♥-❡ ❞❡ ❛❝♦$❞♦ ❝♦♠ ✉♠ ❢❛-♦$ ❞❡

$❡ ❢$✐❛♠❡♥-♦✱ ❞❡ -❛❧ ♠❛♥❡✐$❛ 7✉❡✱ ♥♦ ✜♠ ❞❛ ❜✉ ❝❛✱ ❛ ❝❤❛♥❝❡ ❞❡  ♦❧✉3>❡ ♣✐♦$❡ 

 ❡$❡♠ ❛❝❡✐-❛ $❡❞✉③ ❝♦♥ ✐❞❡$❛✈❡❧♠❡♥-❡✳

▲♦❣♦ ❛❜❛✐①♦ ❝❛❜❡ ✉-✐❧✐③❛$ ✉♠❛ ❡①❡♠♣❧✐✜❝❛3/♦ ♣❛$❛ ✐❧✉ -$❛$ ♦ ❢✉♥❝✐♦♥❛♠❡♥-♦

❞♦ ♠@-♦❞♦ ♠❡-❛✲❤❡✉$O -✐❝♦ ❙❆✳ ❈♦♥ ✐❞❡$❡ ❛ ♠❛①✐♠✐③❛3/♦ ❞❛ ❢✉♥3/♦ ❞❛❞❛ ❛❜❛✐①♦✿

f(x) = x3 − 60x2 + 90x+ 100 ✭✷✳✶✶✮
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❋✐❣✉$❛ ✷✳✶✹✿ ❙✐♠✉❧❛&❡❞ ❆♥♥❡❛❧✐♥❣ ❡,❝❛♣❛♥❞♦ ❞❡ 23✐♠♦ ❧♦❝❛❧✳ ◗✉❛♥3♦ ♠❛✐, ❛❧3❛ ❛

3❡♠♣❡$❛3✉$❛✱ ♠❛✐♦$ ❛ ♣$♦❜❛❜✐❧✐❞❛❞❡ ❞❡ ❛❝❡✐3❛$ ♠♦✈✐♠❡♥3♦, ❞❡ ♣✐♦$❛✳ ❬✸✺❪

❯♠❛ ,♦❧✉?@♦ x A $❡♣$❡,❡♥3❛❞❛ ❝♦♠♦ ✉♠ ,&-✐♥❣ ❞❡ ✺ ❜✐&,✳ ❆ ✈✐③✐♥❤❛♥?❛ ❝♦♥,✐,3❡

❡♠ ❧❛♥?❛$ ❛❧❡❛3♦$✐❛♠❡♥3❡ ✉♠ ❜✐3✳ ❖ ♠F①✐♠♦ ❣❧♦❜❛❧ ❞❡,3❛ ❢✉♥?@♦ A ✵✶✵✶✵ ✭x❂✶✵✱

f(x)❂✹✶✵✵✮✳

❖ ♣$✐♠❡✐$♦ ❝❡♥F$✐♦ ❝♦♠❡?❛ ❞❛ ,♦❧✉?@♦ ✶✵✵✶✶ (x = 19, f(x) = 2399) ❝♦♠ ✉♠❛

3❡♠♣❡$❛3✉$❛ ✐♥✐❝✐❛❧ T0 ✐❣✉❛❧ ❛ ✺✵✵✳ ✭❚❛❜❡❧❛ ✷✳✶✮

❚ ▼♦✈✐♠❡♥(♦ ❙♦❧✉,-♦ f ∆f ▼♦✈✐♠❡♥(♦❄ ◆♦✈❛ ❙♦❧✉,-♦ ❱✐③✐♥❤❛

✺✵✵ ✶ ✵✵✵✶✶ ✷✷✽✼ ✶✶✷ ❙✐♠ ✵✵✵✶✶

✹✺✵ ✸ ✵✵✶✶✶ ✸✽✵✸ ❁✵ ❙✐♠ ✵✵✶✶✶

✹✵✺ ✺ ✵✵✶✶✵ ✸✺✺✻ ✷✹✼ ❙✐♠ ✵✵✶✶✵

✸✻✹✳✺ ✷ ✵✶✶✶✵ ✸✻✽✹ ❁✵ ❙✐♠ ✵✶✶✶✵

✸✷✽ ✹ ✵✶✶✵✵ ✸✾✾✽ ❁✵ ❙✐♠ ✵✶✶✵✵

✷✾✺✳✷ ✸ ✵✶✵✵✵ ✸✾✼✷ ✶✻ ❙✐♠ ✵✶✵✵✵

✷✻✺✳✼ ✹ ✵✶✵✶✵ ✹✶✵✵ ❁✵ ❙✐♠ ✵✶✵✶✵

✷✸✾✳✶ ✺ ✵✶✵✶✶ ✹✵✼✶ ✷✾ ❙✐♠ ✵✶✵✶✶

✷✶✺✳✷ ✶ ✶✶✵✶✶ ✸✹✸ ✸✼✷✽ ◆-♦ ✵✶✵✶✶

❚❛❜❡❧❛ ✷✳✶✿ ❈❡♥F$✐♦ ✵✶✿ ❚❂✺✵✵ ❡ S0 ❂ ✶✵✵✶✶✳ ❬✸✺❪

❖ ,❡❣✉♥❞♦ ❝❡♥F$✐♦ ❝♦♠❡?❛ ❝♦♠ ❛ ♠❡,♠❛ ,♦❧✉?@♦ ✶✵✵✶✶✱ ❝♦♠ ✉♠❛ 3❡♠♣❡$❛3✉$❛

✐♥✐❝✐❛❧ T0 ✐❣✉❛❧ ❛ ✶✵✵✳ ✭❚❛❜❡❧❛ ✷✳✷✮

❚ ▼♦✈✐♠❡♥(♦ ❙♦❧✉,-♦ f ∆f ▼♦✈✐♠❡♥(♦❄ ◆♦✈❛ ❙♦❧✉,-♦ ❱✐③✐♥❤❛

✶✵✵ ✶ ✵✵✵✶✶ ✷✷✽✼ ✶✶✷ ◆-♦ ✶✵✵✶✶

✾✵ ✸ ✶✵✶✶✶ ✶✷✷✼ ✶✶✼✷ ◆-♦ ✶✵✵✶✶

✽✶ ✺ ✶✵✵✶✵ ✸✺✺✻ ✷✹✼ ❙✐♠ ✵✵✶✶✵

✼✷✳✾ ✷ ✶✶✵✶✵ ✺✶✻ ✷✶✼✻ ◆-♦ ✶✵✵✶✵

✻✺✳✻ ✹ ✶✵✵✵✵ ✸✷✸✻ ❁✵ ❙✐♠ ✶✵✵✵✵

✺✾ ✸ ✶✵✶✵✵✵ ✷✶✵✵ ✶✶✸✻ ❙✐♠ ✶✵✵✵✵

❚❛❜❡❧❛ ✷✳✷✿ ❈❡♥F$✐♦ ✵✷✿ ❚❂✶✵✵ ❡ S0 ❂ ✶✵✵✶✶✳ ❬✸✺❪
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◆❡"#❡ ❡①❡♠♣❧♦✱ ❛ #❡♠♣❡+❛#✉+❛ ✐♥✐❝✐❛❧ ♥0♦ 1 ❛❧#❛ ♦ "✉✜❝✐❡♥#❡✱ ❡ ♦ ❛❧❣♦+✐#♠♦ ✜❝❛

♣+❡"♦ ❡♠ ✉♠ 4#✐♠♦ ❧♦❝❛❧✳ ❆❧1♠ ❞❛ "♦❧✉80♦ ❛#✉❛❧✱ ❛ ♠❡❧❤♦+ "♦❧✉80♦ ❡♥❝♦♥#+❛❞❛✱

❞❡"❞❡ ♦ ✐♥:❝✐♦ ❞❛ ♣❡";✉✐"❛✱ 1 ❛+♠❛③❡♥❛❞❛✳ ❆❧❣✉♥" ♣❛+=♠❡#+♦" ❝♦♥#+♦❧❛♠ ♦ ♣+♦✲

❣+❡""♦ ❞❛ ❜✉"❝❛ ♣❡❧♦ ✈✐③✐♥❤♦✱ ♦" ;✉❛✐" "0♦ ❛ #❡♠♣❡+❛#✉+❛ ❡ ♦ ♥A♠❡+♦ ❞❡ ✐#❡+❛8B❡"

+❡❛❧✐③❛❞❛" ❛ ❝❛❞❛ #❡♠♣❡+❛#✉+❛✳ ❊""❛ ❜✉"❝❛ ♣♦❞❡ "❡+ ♠♦❞❡❧❛❞❛ ♣❡❧❛ ❈❛❞❡✐❛ ❞❡ ▼❛"✲

❦♦✈✱ ♦♥❞❡ ♦ ♣+4①✐♠♦ ❡"#❛❞♦ ❞❡♣❡♥❞❡ "♦♠❡♥#❡ ❞♦ ❡"#❛❞♦ ❝♦++❡♥#❡✳ ◆❡"#❡ ❛❧❣♦+✐#♠♦

❡①✐"#❡ ✉♠❛ ❣❛+❛♥#✐❛ ❞❡ ❝♦♥✈❡+❣E♥❝✐❛ ❡♠ ❞✐+❡80♦ ❛ "♦❧✉80♦ 4#✐♠❛✳

✶✮ ▼♦✈✐♠❡♥)♦* ❆❝❡✐)♦*

❖ "✐"#❡♠❛ ♣♦❞❡ ❡"❝❛♣❛+ ❞❡ ✉♠ 4#✐♠♦ ❧♦❝❛❧ ❞❡✈✐❞♦ ❛ ✉♠❛ ♣+♦❜❛❜✐❧✐❞❛❞❡ ❞❡

❛❝❡✐#❛80♦ ❞❡ ✉♠ ✈✐③✐♥❤♦ ♥0♦ ♠❡❧❤♦+❛❞♦✳ ❆ ♣+♦❜❛❜✐❧✐❞❛❞❡ ❞❡ ❛❝❡✐#❛+ ✉♠ ✈✐③✐♥❤♦

♥0♦ ♠❡❧❤♦+❛❞♦ 1 ♣+♦♣♦+❝✐♦♥❛❧ ❛ #❡♠♣❡+❛#✉+❛ ❚ ❡ ✐♥✈❡+"❛♠❡♥#❡ ♣+♦♣♦+❝✐♦♥❛❧ ❛

✈❛+✐❛80♦ ❞❛ ❢✉♥80♦ ♦❜❥❡#✐✈♦ △✳ ❆ ❧❡✐ ❞❛ #❡+♠♦❞✐♥=♠✐❝❛ ❞✐③ ;✉❡ ♥❛ #❡♠♣❡+❛#✉+❛ ❚✱

❛ ♣+♦❜❛❜✐❧✐❞❛❞❡ ❞❡ ✉♠ ❛✉♠❡♥#♦ ♥❛ ❡♥❡+❣✐❛ ❞❡ ♠❛❣♥✐#✉❞❡ △✱ 1 ❞❛❞♦ ♣♦+✿

P (△, T ) = e−△/kt ✭✷✳✶✷✮

♦♥❞❡ k❂ ❈♦♥"#❛♥#❡ ❞❡ ❇♦❧#③♠❛♥♥✳

❊♥#0♦✱ ❛ ♣+♦❜❛❜✐❧✐❞❛❞❡ ❞♦ ♠♦✈✐♠❡♥#♦ ♥0♦ ♠❡❧❤♦+❛❞♦ "❡+ ❛❝❡✐#♦ 1 ❞❛❞♦ ♣♦+✿

P (△, T ) = e−△/kT > R ✭✷✳✶✸✮

♦♥❞❡ △ 1 ❛ ♠✉❞❛♥8❛ ♥♦ ✈❛❧♦+ ❞❛ ❢✉♥80♦✱ T 1 ❛ #❡♠♣❡+❛#✉+❛ ❝♦++❡♥#❡✱ ❡ R 1

✉♠ ♥A♠❡+♦ ❛❧❡❛#4+✐♦ ✉♥✐❢♦+♠❡ ❬✵✱✶❪✳

❆ ❛❧#❛" #❡♠♣❡+❛#✉+❛"✱ ❛ ♣+♦❜❛❜✐❧✐❞❛❞❡ ❞❡ ❛❝❡✐#❛80♦ ❞❡ ♠♦✈✐♠❡♥#♦" ♣✐♦+❡" 1

❛❧#❛✳ ❙❡ T❂∞✱ #♦❞♦" ♠♦✈✐♠❡♥#♦" "❡+✐❛♠ ❛❝❡✐#♦"✱ ♦ ;✉❡ ❝♦++❡"♣♦♥❞❡ ❛ ♣❡+❝♦++❡+

✉♠❛ #+❛❥❡#4+✐❛ ❛❧❡❛#4+✐❛ ♥♦ ❡"♣❛8♦ ❞❡ "♦❧✉8B❡"✳
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❊♠ ❜❛✐①❛& '❡♠♣❡*❛'✉*❛&✱ ❛ ♣*♦❜❛❜✐❧✐❞❛❞❡ ❞❡ ❛❝❡✐'❛12♦ ❞❡ ♠♦✈✐♠❡♥'♦& ♣✐♦*❡&

5 ❜❛✐①❛✳ ❙❡ t❂✵✱ ♥❡♥❤✉♠ ♣✐♦* ♠♦✈✐♠❡♥'♦ 5 ❛❝❡✐'♦ ❡ ❛ ❜✉&❝❛ 5 ❡;✉✐✈❛❧❡♥'❡ ❛ ✉♠

❛❧❣♦*✐'♠♦ ❣✉❧♦&♦✱ ❝♦♠♦ ♦ ❍✐❧❧ ❈❧✐♠❜✐♥❣ ❬✶✾❪✳ ❆❧5♠ ❞♦ ♠❛✐&✱ ❛ ♣*♦❜❛❜✐❧✐❞❛❞❡ ❞❡

❛❝❡✐'❛* ✉♠❛ ❣*❛♥❞❡ ❞❡'❡*✐♦*❛12♦ ♥❛ ;✉❛❧✐❞❛❞❡ ❞❡ &♦❧✉12♦ ❞✐♠✐♥✉✐ ❡①♣♦♥❡♥❝✐❛❧♠❡♥'❡

❡♠ ❞✐*❡12♦ ❛ ③❡*♦ ❞❡ ❛❝♦*❞♦ ❝♦♠ ❛ ❞✐&'*✐❜✉✐12♦ ❞❡ ❇♦❧#③♠❛♥♥✳

E❛*❛ ♠❡❧❤♦* ❡♥'❡♥❞✐♠❡♥'♦ ❞♦ ♣*♦❝❡❞✐♠❡♥'♦ ✉'✐❧✐③❛❞♦ ♣❡❧❛ ♠❡'❛✲❤❡✉*G&'✐❝❛ ❙✐✲

♠✉❧❛#❡❞ ❆♥♥❡❛❧✐♥❣ ❝❛❜❡ ✐❧✉&'*❛* ♦& ❝♦♥❝❡✐'♦& ❜H&✐❝♦& ❡♠ ;✉❡ &❡ ❢✉♥❞❛♠❡♥'❛ ❡&'❡

♠5'♦❞♦✳ ◆❡&'❡ ♣♦♥'♦ 5 ✐♠♣♦*'❛♥'❡ *❡'♦♠❛* ♦ ❝♦♥❝❡✐'♦ ❞❡ ❝♦♠♦ ❡♥❝♦♥'*❛* ♦ K'✐♠♦

❧♦❝❛❧ ❡ ❣❧♦❜❛❧✱ ♠❡♥❝✐♦♥❛❞♦ ❛♥'❡*✐♦*♠❡♥'❡✳ ❆ ❛❜♦*❞❛❣❡♠ ✉'✐❧✐③❛❞❛ ♣♦* ❍✐❧❧✐❡* ❡

▲✐❡❜❡*♠❛♥ ❡♠ ❬✶✾❪ ❢❛③ ✉♠❛ ❛♥❛❧♦❣✐❛ ♣❛*❛ ❞❡'❡*♠✐♥❛* ;✉❛❧ ❞❡ ✉♠❛ &5*✐❡ ❞❡ ♠♦♥'❛✲

♥❤❛& 5 ❛ ♠❛✐& ❛❧'❛ ❡ ❞❡♣♦✐& &✉❜✐* ❛♦ '♦♣♦ ❞❡&&❛ ♣❛*'✐❝✉❧❛* ♠♦♥'❛♥❤❛✳ ■♥❢❡❧✐③♠❡♥'❡

♦& ♣*♦❝❡&&♦& ♠❛'❡♠H'✐❝♦& ♥2♦ ♣♦&&✉❡♠ ❢❡**❛♠❡♥'❛& &✉✜❝✐❡♥'❡& ♣❛*❛ ❛✈✐&'❛* ✉♠❛

✏♠♦♥'❛♥❤❛✑ ❛❧'❛ ❛ ❞✐&'Q♥❝✐❛✳ ❙❡♥❞♦ ❛&&✐♠✱ ❛❧❣✉♥& ♠5'♦❞♦& ♠❡'❛✲❤❡✉*G&'✐❝♦&✱ ❝♦♠♦

♦ ❚❛❜✉ ❙❡❛2❝❤✱ ✉'✐❧✐③❛ ❛ ♠❡'♦❞♦❧♦❣✐❛ ❞❡ &✉❜✐* ❛ ✏♠♦♥'❛♥❤❛✑ ❛'✉❛❧ ♥❛ ❞✐*❡12♦ ♠❛✐&

G♥❣*❡♠❡ ❛'5 ❛'✐♥❣✐* &❡✉ '♦♣♦ ❡ ❞❡♣♦✐& ❝♦♠❡1❛* ❛ ❞❡&❝❡* ❧❡♥'❛♠❡♥'❡ ❡♥;✉❛♥'♦ ♣*♦✲

❝✉*❛ ♦✉'*❛ ✏♠♦♥'❛♥❤❛✑ ♣❛*❛ ❡&❝❛❧❛*✳ ❖ S♥✐❝♦ ✐♥❝♦♥✈❡♥✐❡♥'❡ 5 ;✉❡ &❡ ❧❡✈❛ ♠✉✐'♦

'❡♠♣♦ ✭♥S♠❡*♦ ❞❡ ✐'❡*❛1U❡&✮ &✉❜✐♥❞♦ ❝❛❞❛ ✉♠❛✱ ❛♦ ✐♥✈5& ❞❡✱ ♣*♦❝✉*❛* ♣♦* ❛;✉❡❧❛

;✉❡ &❡❥❛ ♠❛✐& ❛❧'❛✳

❆ ♠❡'♦❞♦❧♦❣✐❛ ✉'✐❧✐③❛❞❛ ♣❡❧❛ ♠❡'❛✲❤❡✉*G&'✐❝❛ ❙✐♠✉❧❛#❡❞ ❆♥♥❡❛❧✐♥❣ &❡ ❝♦♥❝❡♥'*❛

♥❛ ♣*♦❝✉*❛ ❞❛ ♣❛*'✐❝✉❧❛* ✏♠♦♥'❛♥❤❛✑ ♠❛✐& ❛❧'❛✳ ❏H ;✉❡ ❡&'❛ ♣♦❞❡ &❡ ❧♦❝❛❧✐③❛* ❡♠

;✉❛❧;✉❡* ♣♦♥'♦ ❞❛ *❡❣✐2♦ ❞❡ &♦❧✉1U❡& ✈✐H✈❡✐&✱ ❛ ♣*✐♠❡✐*❛ ❜✉&❝❛ 5 ❡♠ ❝❛♠✐♥❤❛* ❡♠

❞✐*❡1U❡& ❛❧❡❛'K*✐❛& ✭❡①❝❡'♦ ♣♦* *❡❥❡✐'❛* ❛❧❣✉♥&✱ ♣♦*5♠ ♥❡♠ '♦❞♦& ♦& ♣❛&&♦& ;✉❡

❧❡✈❛*✐❛♠ ♣❛*❛ ❜❛✐①♦ ❡♠ ✈❡③ ❞❡ ♣❛*❛ ❝✐♠❛✮✱ ✈✐&'♦ ;✉❡✱ ♦ ♦❜❥❡'✐✈♦ ♣*✐♥❝✐♣❛❧ 5 ❞❡

❡①♣❧♦*❛* ❛♦ ♠H①✐♠♦ ❡&&❛ *❡❣✐2♦ ❞❡ &♦❧✉1U❡& ✈✐H✈❡✐&✳ ❈♦♠♦ ♦ ♦❜❥❡'✐✈♦ 5 ❜✉&❝❛*

❛ ♠♦♥'❛♥❤❛ ♠❛✐& ❛❧'❛✱ ❛ ❣*❛♥❞❡ ♠❛✐♦*✐❛ ❞♦& ♣❛&&♦& ❛❝❡✐'♦& 5 ❡♠ ❞✐*❡12♦ ❛❝✐♠❛✳

■&'♦ ♣♦* &✉❛ ✈❡③ ✐♠♣❧✐❝❛ ;✉❡ ❛ ❜✉&❝❛ '❡♥❞❡*H ❛ &❡ ❝♦♥❝❡♥'*❛* ❡♠ *❡❣✐U❡& ❞♦ ❡&♣❛1♦

❞❡ ❜✉&❝❛ ;✉❡ ❝♦♥'❡♥❤❛♠ &♦❧✉1U❡& ✈✐H✈❡✐& ♦♥❞❡ ❛& ♠♦♥'❛♥❤❛& &2♦ ❛❧'❛&✱ ❡♠❜♦*❛

❡♥❝♦♥'*❛* ❛ ♠♦♥'❛♥❤❛ ♠❛✐& ❛❧'❛ ♥2♦ &❡❥❛ ❣❛*❛♥'✐❞♦✳ ❉❛♥❞♦✲&❡ '❡♠♣♦ ❡ *❡❞✉③✐♥❞♦ ❛

'❡♠♣❡*❛'✉*❛ ❞❡ ❢♦*♠❛ ❛❞❡;✉❛❞❛✱ ♦ ♣*♦❝❡&&♦ ♣*♦✈❛✈❡❧♠❡♥'❡ ❛'✐♥❣✐*H ♦ '♦♣♦ ❞❡ ✉♠❛
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❞❛" ✏♠♦♥'❛♥❤❛"✑ ♠❛✐" ❛❧'❛"✱ ♣♦❞❡♥❞♦ ❡✈❡♥'✉❛❧♠❡♥'❡✱ ❛'✐♥❣✐2 ❛ ♠❛✐" ❛❧'❛ ✭4'✐♠♦

❣❧♦❜❛❧✮✳

❙❡♥❞♦ ♠❛✐" ❡"♣❡❝:✜❝♦✱ ❝❛❞❛ ✐'❡2❛<=♦ ❞♦ ❙❆ ❜✉"❝❛ ❞❡"❧♦❝❛♠❡♥'♦" ❞❛ "♦❧✉<=♦

❡①♣❡2✐♠❡♥'❛❧ ❝♦22❡♥'❡ ♣❛2❛ ✉♠ ✈✐③✐♥❤♦ ✐♠❡❞✐❛'♦ ♥❛ ✈✐③✐♥❤❛♥<❛ ❧♦❝❛❧ ❞❡""❛ "♦❧✉<=♦✳

❈♦♥"✐❞❡2❡ B✉❡✿

Zc ❂ ✈❛❧♦2 ❞❛ ❢✉♥<=♦ ♦❜❥❡'✐✈♦ ♣❛2❛ "♦❧✉<=♦ ❡①♣❡2✐♠❡♥'❛❧ ❛'✉❛❧✱

Zn ❂ ✈❛❧♦2 ❞❛ ❢✉♥<=♦ ♦❜❥❡'✐✈♦ ♣❛2❛ ♦ ❛'✉❛❧ ❝❛♥❞✐❞❛'♦ ❛ "❡2 ♣24①✐♠❛ "♦❧✉<=♦

❡①♣❡2✐♠❡♥'❛❧✱

❚ ❂ ❯♠ ♣❛2I♠❡'2♦ B✉❡ ♠❡❞❡ ❛ '❡♥❞J♥❝✐❛ ❛ ❛❝❡✐'❛2 ♦ ❛'✉❛❧ ❝❛♥❞✐❞❛'♦ ❛ "❡2 ❛

♣24①✐♠❛ "♦❧✉<=♦ ❡①♣❡2✐♠❡♥'❛❧ "❡ ❡""❡ ❝❛♥❞✐❞❛'♦ ♥=♦ ❢♦2 ✉♠❛ ♠❡❧❤♦2✐❛ ❡♠ 2❡❧❛<=♦

K "♦❧✉<=♦ ❡①♣❡2✐♠❡♥'❛❧ ❛'✉❛❧✳
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❞✐!♣♦♥9✈❡✐! 8 !✉♣❡'✐♦' F 1✉❛♥"✐❞❛❞❡ ♥❡❝❡!!M'✐❛✳ ❉✐❛♥"❡ ❞❡!"❡ ❝❡♥M'✐♦✱ ✉♠❛

!❡-)♦ ❞❡ ❝❧❛!!❡ ❥M ❛"'✐❜✉9❞❛ 8 !❡❧❡❝✐♦♥❛❞❛ ❛❧❡❛"♦'✐❛♠❡♥"❡ ♣❛'❛ !❡' '❡❛❧♦❝❛❞❛ F

✉♠❛ ♥♦✈❛ !❛❧❛✱ "❛♠❜8♠ ❡!❝♦❧❤✐❞❛ ❛❧❡❛"♦'✐❛♠❡♥"❡✱ ❡♥"'❡ ❛! !❛❧❛! ❞✐!♣♦♥9✈❡✐!✳

• ❈❡♥,*✐♦ ✵✷✿ ▼♦✈✐♠❡♥#♦ ❞❡ ❚*♦❝❛ ✭❙✇❛♣✮ ✲ ❖✉"'❛ ♠❛♥❡✐'❛ ❞❡ ❣❡'❛'

✉♠ ♥♦✈♦ ❡!"❛❞♦ ♦❝♦''❡ 1✉❛♥❞♦ ♦ ♥E♠❡'♦ ❞❡ !❛❧❛! ❞✐!♣♦♥9✈❡✐! 8 ❡①❛"❛♠❡♥"❡

♦✉ ♣♦✉❝♦ ♠❛✐♦' 1✉❡ ❛ 1✉❛♥"✐❞❛❞❡ ♥❡❝❡!!M'✐❛✳ ❉❡❢'♦♥"❡ ❛ ❡!"❛ !✐"✉❛-)♦✱ ❞✉❛!

!❡-@❡! ❞❡ ❝❧❛!!❡! ❥M ❛"'✐❜✉9❞❛! F! !❛❧❛! !)♦ !❡❧❡❝✐♦♥❛❞❛! ❛❧❡❛"♦'✐❛♠❡♥"❡ ♣❛'❛

!❡'❡♠ "'♦❝❛❞❛! ❡♥"'❡ !✐✳

❆ !♦❧✉-)♦ ♣'♦♣♦!"❛ ♣❛'❛ ♦ ♣'♦❜❧❡♠❛ ♣♦' ♠❡✐♦ ❞♦ ❛❧❣♦'✐"♠♦ ❙❆ ❢♦'♥❡❝❡✉ ✉♠❛

"❛❜❡❧❛ ❝♦♠ ♦! ❞❡③ ❤♦'M'✐♦! ♠❛✐! ✏❞✐!♣✉"❛❞♦!✑ ♣❛'❛ ❛"'✐❜✉✐-)♦ ❞♦! ♠❛✐♦'❡! ♥E♠❡'♦!
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❞❡ "❡#$♦ ❞❡ ❝❧❛""❡✱ ✐♥❞✐❝❛♥❞♦ ♦ ❤♦-.-✐♦ ❞❡ ✐♥/❝✐♦ ❞❡ ❝❛❞❛ "❡#$♦ ❞❡ ❝❧❛""❡✱ "❡✉ 1❡♠♣♦

❞❡ ❞✉-❛#$♦ ❡ ♦" -❡"♣❡❝1✐✈♦" ❞✐❛" ❞❛ "❡♠❛♥❛ 5✉❡ "❡-$♦ ♠✐♥✐"1-❛❞❛"✱ ✈✐❞❡ ❋✐❣✉-❛

✸✳✶ ✳ ❊♠ 1♦❞♦ 1❡"1❡✱ ❞❛❞♦" ♦" ♣❛-<♠❡1-♦" ❞❡ ✈❛❧♦- ❞❡ ♠❡❧❤♦- ♣❡-❢♦-♠❛♥❝❡ ♣❛-❛ ♦

❛❧❣♦-✐1♠♦✱ ♦ ❝✉"1♦ -❡"✉❧1❛♥1❡ ❞❛ ❛1-✐❜✉✐#$♦ ❞❛" "❡#?❡" ❞❡ ❝❧❛""❡" ❛♣-❡"❡♥1♦✉ ✉♠❛

-❡❞✉#$♦ ❞❡ ✸✷✱✹✶✪ ♥♦ "❡✉ 1❡♠♣♦ ❞❡ ♣-♦❝❡""❛♠❡♥1♦ 5✉❛♥❞♦ ❝♦♠♣❛-❛❞♦ ❛ ❢♦-♠❛

♠❛♥✉❛❧ ❞❡ ❢❛③D✲❧♦✳

❋✐❣✉-❛ ✸✳✶✿ ❘❡"✉❧1❛❞♦"✿ ❍♦-.-✐♦" ▼❛✐" ❘❡5✉✐"✐1❛❞♦" ❬✼❪

❈♦♥❢♦-♠❡ ♦ ♠❛1❡-✐❛❧ ♠❡♥❝✐♦♥❛❞♦ ❛❝✐♠❛✱ ❡①✐"1❡♠ ❛✐♥❞❛ ♦✉1-♦" ♠O1♦❞♦" ♠❡1❛✲

❤❡✉-/"1✐❝♦" ♣❛-❛ -❡"♦❧✉#$♦ ❞❡"1❡ 1✐♣♦ ❞❡ ♣-♦❜❧❡♠❛✱ ❡ ❡♥1-❡ ❡""❡" ♠O1♦❞♦" ❞❡"1❛❝❛✲"❡

♦ ❚❛❜✉ ❙❡❛&❝❤ ❞❡✈✐❞♦ "✉❛ ♣❛-1✐❝✉❧❛-✐❞❛❞❡ ❞❡ ♣❡-♠✐1✐- ❛♦ ♣-♦❝❡""♦ ❞❡ ❜✉"❝❛ ❡"❝❛♣❛-

❞❡ ✉♠ P1✐♠♦ ❧♦❝❛❧ ❛1-❛✈O" ❞♦ ✉"♦ "✐"1❡♠.1✐❝♦ ❞❛ ♠❡♠P-✐❛ ♣❛-❛ -❡"1-✐♥❣✐- ❛❧❣✉♥"

♠♦✈✐♠❡♥1♦" ❞✐1♦" ♣-♦✐❜✐❞♦✳

❊ "❡-. ♥❡"1❡ ❝♦♥1❡①1♦ 5✉❡ ❛❜♦-❞❛✲"❡ ♦ ♣-P①✐♠♦ ❛-1✐❣♦ -❡❧❛❝✐♦♥❛❞♦ ❛♦ ♣-♦❜❧❡♠❛

❡"1✉❞❛❞♦ ♥❡"1❡ 1-❛❜❛❧❤♦✳ ❖ "❡❣✉✐♥1❡ ❛""✉♥1♦ ♠❡♥❝✐♦♥❛❞♦ ❛❜♦-❞❛ ❛ ❛♣❧✐❝❛#$♦ ❞❛

♠❡1❛✲❤❡✉-/"1✐❝❛ ❚❙ 1❛♠❜O♠ ♥❛ -❡"♦❧✉#$♦ ❞♦ R❆❆❙ ♥♦ ❈❡♥1-♦ ❞❡ ❚❡❝♥♦❧♦❣✐❛ ❞❛

❯❋R❇ ❝♦♠ ♦ ♦❜❥❡1✐✈♦ ❞❡ ♦❜1❡- "♦❧✉#?❡" ❞❡ ❛❧1♦ ❣-❛✉ ❞❡ "❛1✐"❢❛#$♦ ❡ ❜❛✐①♦ ❝✉"1♦
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❝♦♠♣✉%❛❝✐♦♥❛❧✳ ❆ ❡-❝♦❧❤❛ ❞❛ ❛♣❧✐❝❛01♦ ❞❡-%❛ ❤❡✉23-%✐❝❛ -❡ ❞❡✈❡ ❛ ❡--❛ -❡ ♠♦-%2❛2

❜❛-%❛♥%❡ ❛❞❡6✉❛❞❛ ❡ ❡✜❝✐❡♥%❡ ♥❛ 2❡-♦❧✉01♦ ❞❡ ♣2♦❜❧❡♠❛- ❞❡ ♥❛%✉2❡③❛ ❝♦♠❜✐♥❛%92✐❛✳

❉❡ ❢♦2♠❛ -✉❝✐♥%❛ ♥❡-%❡ ❛2%✐❣♦ ♦- ❛✉%♦2❡- ❬✸✹❪ ♣2♦♣A❡♠ ✉♠ ♣2♦❝❡❞✐♠❡♥%♦ ❝♦♥-%2✉✲

%✐✈♦ 6✉❡ ❢♦2♥❡❝❡ ✉♠❛ -♦❧✉01♦ ✐♥✐❝✐❛❧✳ ❆ -❡❣✉✐2✱ ❡-%❛ -♦❧✉01♦ D 2❡✜♥❛❞❛ ♣❡❧❛ %D❝♥✐❝❛

♠❡%❛✲❤❡✉23-%✐❝❛ ❚❙ ✉-❛♥❞♦ ♠♦✈✐♠❡♥%♦- ❞❡ 2❡❛❧♦❝❛01♦ ❡ %2♦❝❛ ❞❡ ❛✉❧❛- ❡♥%2❡ -❛✲

❧❛- ♣❛2❛ ❡①♣❧♦2❛2 ♦ ❡-♣❛0♦ ❞❡ ❜✉-❝❛✳ ❉❡ ❛❝♦2❞♦ ❝♦♠ ❬✶✾❪ ♦ ❛2%✐❢3❝✐♦ ❞❡ ♣2♦✐❜✐01♦

❞❡ ❞❡%❡2♠✐♥❛❞♦- ♠♦✈✐♠❡♥%♦-✱ ❝❛2❛❝%❡23-%✐❝❛ ♣2✐♥❝✐♣❛❧ ❞❛ ♠❡%❛✲❤❡✉23-%✐❝❛ ❚❙✱ %❡♠

❛ ✐♥%❡♥01♦ ❞❡ ✐♠♣❡❞✐2 6✉❡ ❛ -♦❧✉01♦ 2❡%♦2♥❡ ❛♦ ♣♦♥%♦ ❞❡ 9%✐♠♦ ❧♦❝❛❧ ♥❛- ✐%❡2❛✲

0A❡- -❡❣✉✐♥%❡-✳ ❈❛-♦ ♥1♦ ❤❛❥❛ ❡--❛ ♣2♦✐❜✐01♦ ❞❡ ❞❡%❡2♠✐♥❛❞♦- ♠♦✈✐♠❡♥%♦-✱ ❡--❡

♣2♦❝❡❞✐♠❡♥%♦ ♣♦❞❡2J ❢❛③❡2 ❝♦♠ 6✉❡ ♦ ❛❧❣♦2✐%♠♦ ❡♥%2❡ ❡♠ ❧♦♦♣✱ ✐♥✈✐❛❜✐❧✐③❛♥❞♦ ♦

♠❡-♠♦✳

❖ 2✐-❝♦ ❝♦♠ ❡--❡ %✐♣♦ ❞❡ ❛❜♦2❞❛❣❡♠ D 6✉❡✱ ❛♣9- -❡ ❛❢❛-%❛2 ❞❡ ✉♠ 9%✐♠♦ ❧♦❝❛❧✱

♦ ♣2♦❝❡--♦ 2❡%♦2♥❛2J ✐♠❡❞✐❛%❛♠❡♥%❡ ♣❛2❛ ♦ ♠❡-♠♦ 9%✐♠♦ ❧♦❝❛❧✳ L❛2❛ ❡✈✐%❛2 ✐--♦✱

♦ ❚❙ ✐♠♣❡❞❡ %❡♠♣♦2❛2✐❛♠❡♥%❡ ♠♦✈✐♠❡♥%❛0A❡- 6✉❡ ♣✉❞❡--❡♠ 2❡%♦2♥❛2 ♣❛2❛ ✭♦✉

6✉❡♠ -❛❜❡ ✐2 ❡♠ ❞✐2❡01♦ ❛✮ ✉♠❛ -♦❧✉01♦ ✈✐-✐%❛❞❛ 2❡❝❡♥%❡♠❡♥%❡✳ ❯♠❛ ❧✐-%❛✱ ❝❤❛✲

♠❛❞❛ ❧✐-%❛ ❞❡ %❛❜✉-✱ 2❡❣✐-%2❛ ❡--❛- ♠♦✈✐♠❡♥%❛0A❡- ♣2♦✐❜✐❞❛-✱ 6✉❡ -1♦ ❝❤❛♠❛❞❛-

❞❡ ♠♦✈✐♠❡♥%♦- ❞❡ %❛❜✉✳ ❆ P♥✐❝❛ ❡①❝❡01♦ ♣❛2❛ ♣2♦✐❜✐2 ✉♠❛ ♠♦✈✐♠❡♥%❛01♦ ❞❡--❛-

D ❝❛-♦ -❡ ❞❡-❝✉❜2❛ 6✉❡ ✉♠❛ ♠♦✈✐♠❡♥%❛01♦ ❞❡ %❛❜✉✱ ♥❛ ✈❡2❞❛❞❡✱ D ♠❡❧❤♦2 6✉❡ ❛

♠❡❧❤♦2 ❞❛- -♦❧✉0A❡- ✈✐J✈❡✐- ❛%D ❛❣♦2❛ ❡♥❝♦♥%2❛❞❛-✳

❙❡❣✉♥❞♦ ❬✶✾❪✱ ❛❧D♠ ❞♦ ❛2%✐❢3❝✐♦ ❞♦ ✉-♦ ❞❡ ♠❡♠92✐❛ ♣❛2❛ ♦2✐❡♥%❛2 ❛ ❜✉-❝❛✱ ❡-%❡

♠D%♦❞♦ %❛♠❜D♠ ♣♦❞❡ ✐♥❝♦2♣♦2❛2 ❛❧❣✉♥- ❝♦♥❝❡✐%♦- ♠❛✐- ❛✈❛♥0❛❞♦- ❝♦♠♦ ❛ ✐♥"❡♥✲

%✐✜❝❛)*♦✱ 6✉❡ ❡♥✈♦❧✈❡ ❛ ❡①♣❧♦2❛01♦ ❞❡ ✉♠❛ ♣❛2%❡ ❞❛ 2❡❣✐1♦ ❞❡ -♦❧✉0A❡- ✈✐J✈❡✐-

❞❡ ❢♦2♠❛ ♠❛✐- ❝♦♠♣❧❡%❛ ❞♦ 6✉❡ ❛ ✉-✉❛❧✱ ❛♣9- %❡2 -✐❞♦ ✐❞❡♥%✐✜❝❛❞❛ ❝♦♠♦ ♣❛2%✐✲

❝✉❧❛2♠❡♥%❡ ♣2♦♠✐--♦2❛✱ ♣♦2 ❝♦♥%❡2 -♦❧✉0A❡- ❡①❝❡❧❡♥%❡-✱ ❡ ❛ ❞✐✈❡.%✐✜❝❛)*♦✱ 6✉❡

❡♥✈♦❧✈❡ ❢♦20❛2 ❛ ❜✉-❝❛ ❡♠ J2❡❛- ♣♦✉❝♦ ❡①♣❧♦2❛❞❛- ❞♦ ❡-♣❛0♦ ❞❡ -♦❧✉0A❡- ✈✐J✈❡✐-✳

❊♠ ✉♠ ❛2%✐❣♦ ❝♦♠♣❧❡♠❡♥%❛2✱ ♦- ♠❡-♠♦- ❛✉%♦2❡- ❞1♦ ❝♦♥%✐♥✉✐❞❛❞❡ ❛♦ ❡-%✉❞♦ ❞❡-%❡

♣2♦❜❧❡♠❛ ❛%2❛✈D- ❞❡ ♦✉%2♦ ♠D%♦❞♦ ❞❡ 2❡-♦❧✉01♦✱ ♦ ▼D%♦❞♦ ❊①❛%♦ ❬✷✻❪✳

❉❡ ❛❝♦2❞♦ ❝♦♠ ❛- ❝❛2❛❝%❡23-%✐❝❛- ❞♦ ♣2♦❜❧❡♠❛ ❡-%✉❞❛❞♦ ❞❛ ❯❋L❇✱ ❞❡✜♥✐✉✲

-❡ -✉❛- 2❡-%2✐0A❡- ❡ 2❡6✉✐-✐%♦- ❞❡ 6✉❛❧✐❞❛❞❡✱ ❡ ❛%2✐❜✉✐✉ ❛ ❡-%❡- ♦- ♣❡-♦- ❞❡✈✐❞♦-
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❧❡❝✐❞❛.✳

❆..✐♠✱ ❞❡✈✐❞♦ ❛ ❡..❛. ♣*✐♦*✐❞❛❞❡.✱ ♦. ❤♦*,*✐♦. .3♦ ❢❡✐$♦. ♣♦* ♣*♦❢❡..♦*❡. ❞❡ ❞❡✲

♣❛*$❛♠❡♥$♦. ❞✐❢❡*❡♥$❡.✱ ❡ .✉❛. ❛❣❡♥❞❛. ❞✐✜❝✉❧$❛♠ ❛. *❡✉♥✐@❡. ♣❛*❛ ❡.$❛ ❞❡✜♥✐23♦✳

❊♥$3♦✱ ❞❛❞❛. ❡..❛. *❡.$*✐2@❡.✱ ❛ ❝♦♠✐..3♦ $❡♠ (✉❡ $♦♠❛* ❞❡❝✐.@❡. *,♣✐❞❛. ❞❡ ♠✉✲

❞❛♥2❛. ❞❡ ❤♦*,*✐♦.✱ ♣♦* ✐..♦✱ ♥3♦ ♣♦❞❡ ❡.♣❡*❛* ✉♠ ❧♦♥❣♦ $❡♠♣♦ ❞❡  ♦❢#✇❛&❡ ♣❛*❛

❞❡✜♥✐* ❛. ❞✐.$*✐❜✉✐2@❡. ❞❡ .❛❧❛.✴❡♥❝♦♥$*♦. ✭*❡.♦❧✉23♦ ❞♦ ♣*♦❜❧❡♠❛✮✱ ❡ ❛✐♥❞❛ ❛..✐♠✱

❡.$❡ ♣*♦❝❡..♦ ✜❝❛ .✉❥❡✐$♦ ❛ ✈,*✐♦. ❡**♦. ❞❡✈✐❞♦ ♦ ❞❡.❣❛.$❡ ✐♥$❡*♣❡..♦❛❧✱ ❢❛③❡♥❞♦ ❝♦♠

(✉❡ ♦. ♠❡♠❜*♦. ♠❛✐. ❡①♣❡*✐❡♥$❡. ❞❡..❛ ✉♥✐❞❛❞❡✱ ♥3♦ $❡♥❤❛♠ ♠❛✐. ✐♥$❡*❡..❡ ❡♠

♣❛*$✐❝✐♣❛* ❞❡..❛. ❛$*✐❜✉✐2@❡. ❡♠ .❡♠❡.$*❡. ♣♦.$❡*✐♦*❡.✳

❙❡❣✉♥❞♦ ◆❡✈❡. ❬✷✹❪✱ ❡.$❡ ❞❡.✐♥$❡*❡..❡ ❡♠ ❞❛* ❝♦♥$✐♥✉✐❞❛❞❡ ❛♦. $*❛❜❛❧❤♦. ❢❛③

❝♦♠ (✉❡ ❛ ❡①♣❡*✐C♥❝✐❛ ❛❞(✉✐*✐❞❛ ♣❡❧♦. ♠❡♠❜*♦. ❞❛ ❝♦♠✐..3♦ ♥3♦ .❡❥❛ ❞❡✈✐❞❛♠❡♥$❡

❝♦♠♣❛*$✐❧❤❛❞❛✱ ♦ (✉❡ ♠✉✐$❛. ✈❡③❡. ❢❛③ ❝♦♠ (✉❡ ❛. ♥♦✈❛. ❝♦♠✐..@❡. *❡❛❧✐③❡♠ ♦.

♠❡.♠♦. ❡**♦. ❞❡ ❝♦♠✐..@❡. ❛♥$❡*✐♦*❡.✱ ❣❡*❛♥❞♦ ✉♠ ❝✐❝❧♦ ✈✐❝✐♦.♦✳ ◆❡.$❡ .❡♥$✐❞♦✱ ❛

❛✉$♦♠❛23♦ ❞❡ ♣❛*$❡ ❞❛. $❛*❡❢❛. ❞❛ ❝♦♠✐..3♦ ♣♦❞❡ ❛❥✉❞❛* ❛ *❡.♦❧✈❡* ✈,*✐♦. ❞❡.$❡.

♣*♦❜❧❡♠❛.✱ *❡❞✉③✐♥❞♦ ❛. ❝❤❛♥❝❡. ❞❡ ❡**♦.✱ ♦ ❞❡.❣❛.$❡ ✐♥$❡*♣❡..♦❛❧ ❡ ❛♣*♦✈❡✐$❛♥❞♦

♠❡❧❤♦* ❛ ❡①♣❡*✐C♥❝✐❛ ❞♦. ♠❡♠❜*♦.✱ (✉❡ ♣♦❞❡ .❡* ✐♥❝♦*♣♦*❛❞❛ ♥❛. ❢❡**❛♠❡♥$❛. ❞❡

❛✉$♦♠❛23♦ ✉$✐❧✐③❛❞❛.✳



✹✳✷ ❈❛%❛❝'❡%)*'✐❝❛* ❞♦ ▼♦❞❡❧♦ ❈♦♠♣✉'❛❝✐♦♥❛❧ ✼✵

✹✳✷ ❈❛%❛❝'❡%)*'✐❝❛* ❞♦ ▼♦❞❡❧♦ ❈♦♠♣✉'❛❝✐♦♥❛❧

 ❛"❛ ❡❧❛❜♦"❛'(♦ ❞❡*+❛ *❡'(♦ ❢♦"❛♠ +♦♠❛❞❛* ❝♦♠♦ "❡❢❡"/♥❝✐❛ ❛* "❡*+"✐'2❡* ✉+✐✲

❧✐③❛❞❛* ❡♠ ❬✸✹❪✳ ❆* "❡*+"✐'2❡* ❞♦ ♣"♦❜❧❡♠❛ *(♦ ❧✐*+❛❞❛* ❛❜❛✐①♦✱ ❡ ❞❡✈❡♠ *❡" ❛+❡♥✲

❞✐❞♦*✱ *❡♥❞♦ @✉❡✱ ♦ *❡✉ ♥(♦ ❛+❡♥❞✐♠❡♥+♦ ♥(♦ ✐♠♣❧✐❝❛ ❡♠ ✐♥✈✐❛❜✐❧✐❞❛❞❡ ❞♦ ♠♦❞❡❧♦✿

❛✮ ❉♦✐* ♦✉ ♠❛✐* ❡♥❝♦♥+"♦* ♥(♦ ♣♦❞❡♠ ♦❝♦""❡" *✐♠✉❧+❛♥❡❛♠❡♥+❡ ♥❛ ♠❡*♠❛ *❛❧❛❀

❜✮ ❊♥❝♦♥+"♦* ❞❡ ✉♠❛ ♠❡*♠❛ +✉"♠❛ ♥(♦ ♣♦❞❡♠ *❡" ❛❧♦❝❛❞♦* ❡♠ ♠❛✐* ❞❡ ✉♠❛

*❛❧❛ ♥✉♠ ♠❡*♠♦ ❤♦"G"✐♦❀

❝✮ ❊♥❝♦♥+"♦* ❞❡ ✉♠❛ ❞❡+❡"♠✐♥❛❞❛ +✉"♠❛ *H ❞❡✈❡♠ *❡" ❛❧♦❝❛❞♦* ❡♠ *❛❧❛* ❞❡

❝❛♣❛❝✐❞❛❞❡ ♠❛✐♦" ♦✉ ✐❣✉❛❧ J ❞❡♠❛♥❞❛ ❞❡ ❡*+✉❞❛♥+❡* ❞❡*+❛✳

❞✮ ❚♦❞❛* ❛* ❛✉❧❛* ❞❡✈❡♠ *❡" ❛❧♦❝❛❞❛*✳

✹✳✷✳✶ ❋✉♥'(♦ ❞❡ ❆✈❛❧✐❛'(♦

❆ ❛♥G❧✐*❡ ❞♦* "❡@✉✐*✐+♦* ❧✐*+❛❞♦* ❛❝✐♠❛✱ ❛**♦❝✐❛❞♦ J ❢✉♥'(♦ ♦❜❥❡+✐✈♦✱ ❝♦""♦❜♦"❛

❛ ❝✐+❛'(♦ ♠❡♥❝✐♦♥❛❞❛✱ ♥♦ ✐♥M❝✐♦ ❞❡*+❛ *❡'(♦✱ *♦❜"❡ ❛ ✐♥✈✐❛❜✐❧✐❞❛❞❡ ❞♦ ♠♦❞❡❧♦✳ ◆♦

❡♥+❛♥+♦✱ ♣❛"❛ @✉❡ ❢♦**❡ ♣♦**M✈❡❧ ♦❜+❡" ✉♠❛ *♦❧✉'(♦ @✉❡ "❡+"❛+❛**❡ ❛❧❣♦ ♠❛✐* ♣"H①✐♠♦

J "❡❛❧✐❞❛❞❡ ❞♦ ♣"♦❜❧❡♠❛✱ ❛ ❢✉♥'(♦ ♦❜❥❡+✐✈♦ ❢♦✐ ❝❛❧❝✉❧❛❞❛ ✈✐*❛♥❞♦ ♠✐♥✐♠✐③❛" ♦ ❝✉*+♦

❞❡ ❛❧♦❝❛" ✉♠ ❡♥❝♦♥+"♦ J ✉♠ ❤♦"G"✐♦ ❡ *❛❧❛ ❞✐*♣♦♥M✈❡✐*✱ ✈✐*+♦ @✉❡✱ ❡*+❡ O ♦❜+✐❞♦ ❛

♣❛"+✐" ❞♦ *♦♠❛+H"✐♦ ❞♦ ♣"♦❞✉+♦ ❡♥+"❡ ❛* ❛❧♦❝❛'2❡* ❡ ♦* *❡✉* "❡*♣❡❝+✐✈♦* ♣❡*♦*✱

❛**♦❝✐❛❞♦* ❛ ♦❝✐♦*✐❞❛❞❡ ❡ ❡①❝❡**♦ ❞❡ ❞❡♠❛♥❞❛✳ ❉❛❞♦ ✐**♦✱ ♦* ✈❛❧♦"❡* ❛+"✐❜✉M❞♦* J*

♣❡♥❛❧✐③❛'2❡* ❣❛"❛♥+❡♠ @✉❡ ♦ ♥P♠❡"♦ ❞❡ ❛**❡♥+♦* ✈❛③✐♦* ♥❛* *❛❧❛* *❡"G ♦ ♠M♥✐♠♦

♣♦**M✈❡❧✱ ❡ @✉❡ ❛ ❢✉♥'(♦ +❡♥+❛"G ❛♦ ♠G①✐♠♦ ❛❧♦❝❛" ♦* ❡♥❝♦♥+"♦* ❞❡♥+"♦ ❞❡ ✉♠❛

*❛❧❛ ❝♦♠♣❛+M✈❡❧✱ ❞❛❞❛ ❛ ❛❧+❛ ♣❡♥❛❧✐③❛'(♦ ❛+"✐❜✉M❞❛ ❛ ❡**❡ ❢❛+♦"✳ ❙❡♥❞♦ ❛**✐♠✱

❞❛❞❛ ✉♠❛ *♦❧✉'(♦ s ❛✈❛❧✐❛❞❛ ♣♦" ❡*+❛ ❢✉♥'(♦ ♦❜❥❡+✐✈♦✱ ❡*+❛ O ❝❛❧❝✉❧❛❞❛ ♣♦" ❞✉❛*

♣❛"❝❡❧❛*✱ ✉♠❛ "❡❢❡"❡♥+❡ J* ♣❡♥❛❧✐③❛'2❡* "❡❧❛+✐✈❛* J ♦❝✐♦*✐❞❛❞❡ ❞❛ ❞❡♠❛♥❞❛✱ ❡ ❛

*❡❣✉♥❞❛✱ ❝♦""❡*♣♦♥❞❡♥+❡ J* ♣❡♥❛❧✐③❛'2❡* ♣❡❧♦ *❡✉ ❡①❝❡**♦✳  ❛"❛ ❣❛"❛♥+✐" @✉❡ ❛
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 ♦❧✉$%♦ ❞♦ ♣(♦❜❧❡♠❛ ❢♦  ❡ ✈✐0✈❡❧✱ ❛ ♣❡♥❛❧✐③❛$4❡ ❛  ✉♠✐(❛♠ ♦  ❡❣✉✐♥6❡ ✈❛❧♦(❡ 

♥♦ ♣(♦❜❧❡♠❛ ❛❜♦(❞❛❞♦✿

•  ❡"♦ ❖❝✐♦"✐❞❛❞❡✿ ✶

•  ❡"♦ ❊①❝❡""♦✿ ✶✵✵✵

❊  ❡ ✈❛❧♦(❡ ❡ 6%♦ (❡❧❛❝✐♦♥❛❞♦ ❛ (❡❧❡✈:♥❝✐❛ ❞❡ ❝❛❞❛ ❢❛6♦( ♥♦ ❝0❧❝✉❧♦ ❞❛ ❢✉♥$%♦

♦❜❥❡6✐✈♦✱ ❡ ❢♦(❛♠ ♣❛(❛♠❡6(✐③❛❞♦ ❞❡ ❛❝♦(❞♦ ❝♦♠ <✉❡ ❢♦✐ ❞❡✜♥✐❞♦ ❡①♣❡(✐♠❡♥6❛❧✲

♠❡♥6❡✳

✹✳✷✳✷ ❖ ❆❧❣♦(✐*♠♦ ❙✐♠✉❧❛&❡❞ ❆♥♥❡❛❧✐♥❣ ♣❛(❛ ♦ ❈❛/♦ ❊❊■▼❱❘

❈♦♠ ❜❛ ❡ ♥❛ 6❡♦(✐❛ ❛♣(❡ ❡♥6❛❞❛ ❛6B ❡ 6❡ ♣♦♥6♦✱ ❡ ❞❡✈✐❞♦ ❛ ❝♦♠♣❧❡①✐❞❛❞❡ ❞♦

♣(♦❜❧❡♠❛ ❛❜♦(❞❛❞♦ ♥❡ 6❡ 6(❛❜❛❧❤♦ ✭◆F✲❉✐❢H❝✐❧✮✱ ♦ ✉ ♦ ❡①❝❧✉ ✐✈❛♠❡♥6❡ ❞❡ ♠B6♦❞♦ 

❞❡ (❡ ♦❧✉$%♦ ❡①❛6♦ ♣♦❞❡ ♥%♦  ❡( ✉♠❛ ❜♦❛ ❛❧6❡(♥❛6✐✈❛✳ ❉✐❛♥6❡ ❞✐  ♦✱ ❛❞✐❝✐♦♥❛❧✲

♠❡♥6❡✱ ♦♣6♦✉✲ ❡ ♣❡❧♦ ✉ ♦ ❞❛ ♠❡6❛✲❤❡✉(H 6✐❝❛✱ ♣♦✐ ❡ 6❛✱  ❡ ♠♦❞❡❧❛❞❛ ❝♦((❡6❛♠❡♥6❡✱

❡ ❝♦♠ ♦ ❞❡✈✐❞♦ ♣❛(:♠❡6(♦ ❛❥✉ 6❛❞♦ ✱ B ❝❛♣❛③ ❞❡ ❢♦(♥❡❝❡( ✉♠❛ ✏❜♦❛✑  ♦❧✉$%♦

♣❛(❛ ♣(♦❜❧❡♠❛ ❞❡ ❖❈✳

❊♥6(❡ ❛ ❞✐✈❡( ❛ ♠❡6❛✲❤❡✉(H 6✐❝❛ ❡♥❝♦♥6(❛❞❛ ♥❛ ❧✐6❡(❛6✉(❛✱ ✉♠❛ ❞❛ ♠❛✐ 

❛❞❡<✉❛❞❛ ♥❛ (❡ ♦❧✉$%♦ ❞❡ ♣(♦❜❧❡♠❛ ❞❡ ❙❝❤❡❞✉❧✐♥❣✱ ❝♦♠♦ ❛ ❞❡ 6❡ 6(❛❜❛❧❤♦✱ B ❛

❙✐♠✉❧❛,❡❞ ❆♥♥❡❛❧✐♥❣✱ ❞❡✈✐❞♦  ❡✉ ❞❡ ❡♠♣❡♥❤♦  ❛6✐ ❢❛6M(✐♦ ❛♦  ❡ ❝♦♥❝❡♥6(❛( ♥❛ ❜✉ ❝❛

❞❛ ♠❡❧❤♦(  ♦❧✉$%♦✱ ❛ ♣❛(6✐( ❞❛ ♠0①✐♠❛ ❡①♣❧♦(❛$%♦ ♣♦  H✈❡❧ ❞❛ (❡❣✐%♦ ❞❡  ♦❧✉$4❡ 

✈✐0✈❡✐ ✳
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❖ ♠"#♦❞♦ ❞❡ '❡(♦❧✉+,♦ ❞❡ ♣'♦❜❧❡♠❛( ❡(❝♦❧❤✐❞♦✱ ♣❛'❛ ♦ ❝❛(♦ ❞❡ ❛❧♦❝❛+,♦ ❞❡

❡♥❝♦♥#'♦( ❞❛ ❊❊■▼❱❘✱ ❢♦✐ ♦ ❙✐♠✉❧❛&❡❞ ❆♥♥❡❛❧✐♥❣✱ ❙❡+,♦ ✷✳✷✳✷✳✺✱ ❡ ❛( ♣'✐♥❝✐♣❛✐(

❛❜♦'❞❛❣❡♥( (♦❜'❡ ❣❡'❛+,♦ ❞❡ (♦❧✉+@❡( ✐♥❝✐❛✐(✱ ❝♦♥#✐❞❛( ♥❛ ❧✐#❡'❛#✉'❛✱ ❞❡(❝'✐#❛( ♥❛

❙❡+,♦ ✷✳✷✳✷✳✹✳ ❈♦♥❢♦'♠❡ ❛♣'❡(❡♥#❛❞♦✱ ❡(#❛ #"❝♥✐❝❛ ❞❡ '❡(♦❧✉+,♦ ✐♥✐❝✐❛ (✉❛ ❜✉(❝❛ ❛

♣❛'#✐' ❞❡ ✉♠❛ (♦❧✉+,♦ ✐♥✐❝✐❛❧ C✉❛❧C✉❡'✱ ❡ ❡♠ (❡❣✉✐❞❛✱ ✉#✐❧✐③❛✲(❡ ❞❡ '❡✜♥❛♠❡♥#♦( ♣❛'❛

♦❜#❡' ✉♠❛ (♦❧✉+,♦ ✈✐H✈❡❧ ♣❛'❛ ♦ I❆❆❙✳ ❉❡♥#'❡ ❛( ❞✐✈❡'(❛( ❡(#'❛#"❣✐❛( ♥❛ ❣❡'❛+,♦

❞❡ (♦❧✉+@❡( ✐♥✐❝✐❛✐(✱ ♦♣#♦✉✲(❡ ♣❡❧❛ ❛❜♦'❞❛❣❡♠ ❛❧❡❛#L'✐❛ ♣♦' (✉❛ (✐♠♣❧✐❝✐❞❛❞❡ ♥❛

✐♠♣❧❡♠❡♥#❛+,♦✱ ♣♦' ♣'♦❞✉③✐' (♦❧✉+@❡( ❞✐❢❡'❡♥#❡( ❛ ❝❛❞❛ ✐#❡'❛+,♦✱ ❡ ❛✐♥❞❛✱ ♣♦'

❢♦'♥❡❝❡' '❡(✉❧#❛❞♦( ❝♦♠ '❛♣✐❞❡③✳ ❖ ♦❜❥❡#✐✈♦ ❞❛ ❝♦♥(#'✉+,♦ ❞❛ (♦❧✉+,♦ ✐♥✐❝✐❛❧ "

♣'♦❞✉③✐' ✉♠❛ #❛❜❡❧❛ ❞❡ ❤♦'H'✐♦( ✈H❧✐❞❛ ♣❛'❛ C✉❡ ♦ ❙❆ ♣♦((❛ ✐♥✐❝✐❛' ❛ ❣❡'❛+,♦ ❞♦

♣'✐♠❡✐'♦ ✈✐③✐♥❤♦ s′ ❞❛ (♦❧✉+,♦✳

❖ ♣(❡✉❞♦❝L❞✐❣♦ ❆❧❣♦'✐#♠♦ ✸✱ ❢♦'♥❡❝❡ ♦ ♣'♦❝❡❞✐♠❡♥#♦ ❞❡ ❣❡'❛+,♦ ❞❡ (♦❧✉+,♦

✐♥✐❝✐❛❧✳ ❖ ♠❡❝❛♥✐(♠♦ ❢✉♥❝✐♦♥❛ ❞❛ (❡❣✉✐♥#❡ ♠❛♥❡✐'❛✳ ❆ ❣❡'❛+,♦ (❡ ✐♥✐❝✐❛ ❝♦♠ ✉♠❛

#❛❜❡❧❛ ❞❡ ❤♦'H'✐♦(✱ ❞❡♥♦♠✐♥❛❞❛ tabelaS0✱ ✈❛③✐❛✳ ❉❛❞♦ ♦ ♥O♠❡'♦ ❞❡ ❛✉❧❛( ✭nAula✮ ❡

❡♥❝♦♥#'♦( ✭numEncontros✮✱ ❝❛(♦ ✉♠❛ ❛✉❧❛ i ❛✐♥❞❛ ♥,♦ #❡♥❤❛ (✐❞♦ ❛❧♦❝❛❞❛✱ (♦'#❡✐❛✲

(❡ ✉♠❛ (❛❧❛ ✭nSalas✮ ❡ ✈❡'✐✜❝❛✲(❡ (❡ ❡(#❛ ❡(#H ✈❛③✐❛ ♥♦ ❤♦'H'✐♦ ✭nHorarios✮ ❞❛C✉❡❧❡

❡♥❝♦♥#'♦✳ ❈❛(♦ ❛ (❛❧❛ ❡(#❡❥❛ ✈❛③✐❛✱ ❛ ❛❧♦❝❛+,♦ " ❢❡✐#❛✳ ❈❛(♦ ❝♦♥#'H'✐♦✱ ❢❛③✲(❡ ✉♠

♥♦✈♦ (♦'#❡✐♦✳ ❊((❡ ♣'♦❝❡❞✐♠❡♥#♦ " '❡❛❧✐③❛❞♦ ❡♥C✉❛♥#♦ ❡①✐(#✐' ✉♠❛ ❛✉❧❛ i ❝♦♠

❤♦'H'✐♦ ❞❡ ✐♥✐❝✐♦ ❡ ✜♠✱ ♥,♦ ❛❧♦❝❛❞❛✳ ❊((❡ ♣'♦❝❡❞✐♠❡♥#♦ ✈❡'✐✜❝❛ (❡ ❡①✐(#❡ ✉♠❛ (❛❧❛

✈❛③✐❛ ❝♦♠ ❤♦'H'✐♦( ❞❡ ✐♥✐❝✐♦ ❡ #"'♠✐♥♦ ❞✐(♣♦♥S✈❡✐(✱ ❝❛(♦ ❡①✐(#❛ ❡((❡ ❝♦♥❥✉♥#♦ (❛❧❛ ❡

❤♦'H'✐♦( ♣♦((S✈❡✐(✱ ❛ ❛✉❧❛ i " ❛❧♦❝❛❞❛ ♥❡((❡ ❝♦♥❥✉♥#♦✳ ❊((❛ ❜✉(❝❛ " ❝♦♥#'♦❧❛❞❛ ♣♦'

✉♠ ♥O♠❡'♦ ♠H①✐♠♦ ❞❡ #❡♥#❛#✐✈❛( ✭nTentativas✮ (❡♠ (✉❝❡((♦✳ ❊ ❛♦ ❛#✐♥❣✐✲❧♦✱ ♦

❛❧❣♦'✐#♠♦ ❞❡ ❣❡'❛+,♦ ❞❡ (♦❧✉+,♦ ✐♥✐❝✐❛❧ (❡ ❡♥❝❡''❛✱ ❡ ✐♠♣'✐♠❡ ❛ (♦❧✉+,♦ ❡♥❝♦♥#'❛❞❛

❛#" ❛C✉❡❧❡ ❡①❛#♦ ♠♦♠❡♥#♦✳
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❆❧❣♦$✐&♠♦ ✸ ✲ ●❡$❛,-♦ ❞❛ ❙♦❧✉,-♦ ■♥✐❝✐❛❧

✶✿ 4$♦❝❡❞✐♠❡♥&♦ ●❡#❛❝❛♦❙♦❧✉❝❛♦■♥✐❝✐❛❧ ✭♥❙❛❧❛.✱ ♥❍♦#❛#✐♦.✱ ♥❚❡♥2❛2✐✈❛.✱ ♥✉✲

♠❊♥❝♦♥2#♦.✮

✷✿ ❈❛##❡❣❛#❉❛❞♦.✭✮❀

✸✿ ♣❛#❛ ✭♥ ❂ ✵ ❛2? ♥ ❁ ♥❙❛❧❛.✮ ❢❛B❛

✹✿ ♣❛#❛ ✭♠ ❂ ✶ ❛2? ♠ ❁ ♥❍♦#❛#✐♦.✮ ❢❛B❛

✺✿ 2❛❜❡❧❛❙✵ ❬♠❪❬♥❪ ←− ✵❀

✻✿ ♣❛#❛ ✭✐ ❂ ✶ ❛2? ✐ ❁ ♥❊♥❝♦♥2#♦.✮ ❢❛B❛

✼✿ ♣❛#❛ ✭❦ ❂ ✶ ❛2? ❦ ❁ ♥❚❡♥2❛2✐✈❛.✮ ❢❛B❛

✽✿ ❡.❝♦❧❤❛ ❛❧❡❛2♦#✐❛♠❡♥2❡ ✉♠❛ .❛❧❛ ♥

✾✿ .❡❥❛ ♠✶ ♦ ❤♦#❛#✐♦ ❞❡ ✐♥✐❝✐♦ ❞♦ ❡♥❝♦♥2#♦ ✐

✶✵✿ .❡❥❛ ♠✷ ♦ ❤♦#❛#✐♦ ❞♦ ✜♥❛❧ ❞♦ ❡♥❝♦♥2#♦ ✐

✶✶✿ ❙❡ ✭❛ .❛❧❛ ♥ ❡♠ 2❛❜❡❧❛❙✵ ❡.2L ✈❛❣❛ ❡♥2#❡ ♠✶ ❡ ♠✷✮ ❡♥2M♦

✶✷✿ ❆❧♦❝❛#✭✮❀

✶✸✿ ❘❡2♦#♥❛ 2❛❜❡❧❛❙✵❀

✶✹✿ ✜♠ ●❡#❛❝❛♦❙♦❧✉❝❛♦■♥✐❝✐❛❧

✹✳✹✳✷ ▼❡❝❛♥✐)♠♦ ❞❡ ❢✉♥❝✐♦♥❛♠❡♥/♦ ❞❛ ❊)/1✉/✉1❛ ❞❡ ❱✐③✐✲

♥❤❛♥6❛ ♥♦ ♣1♦❜❧❡♠❛ ❡)/✉❞❛❞♦

❆ ❡❧❛❜♦#❛BM♦ ❞❛ ❡.2#✉2✉#❛ ❞❡ ✈✐③✐♥❤❛♥B❛ ❛❞❡Q✉❛❞❛ ❛♦ ♣#♦❜❧❡♠❛ ? ✉♠ ♣❛..♦

❡①2#❡♠❛♠❡♥2❡ ✐♠♣♦#2❛♥2❡ ❛♦ ❞❡.❡♥✈♦❧✈❡# ✉♠❛ ♠❡2❛✲❤❡✉#S.2✐❝❛ ❬✸✺❪✳ ❙❡ ❛ ❡.2#✉2✉#❛

❞❡ ✈✐③✐♥❤❛♥B❛ ♥M♦ ❢♦# ❛❞❡Q✉❛❞❛ ❛♦ ♣#♦❜❧❡♠❛✱ ❛. ♠❡2❛✲❤❡✉#✐.2✐❝❛. Q✉❡ ✉2✐❧✐③❛#❡♠

❡.2❛ ❡.2#✉2✉#❛ ❞❡ ✈✐③✐♥❤❛♥B❛ ♣♦❞❡♠ ♥M♦ ❢♦#♥❡❝❡# ♦. #❡.✉❧2❛❞♦. ❡.♣❡#❛❞♦.✳

❈♦♠♦ ♠❡♥❝✐♦♥❛❞♦ ♥❛ ❙❡BM♦ ✷✱ ❡♠ ✉♠ ♣#♦❜❧❡♠❛ ❞❡ ♦2✐♠✐③❛BM♦ ❞✐.❝#❡2❛✱ ❛

✈✐③✐♥❤❛♥B❛ N(s) ❞❡ ✉♠❛ .♦❧✉BM♦ s ? #❡♣#❡.❡♥2❛❞❛ ♣❡❧♦ ❝♦♥❥✉♥2♦ (s′|d(s′, s) ≤ ǫ)✱

♦♥❞❡ d #❡♣#❡.❡♥2❛ ✉♠❛ ❞❛❞❛ ❞✐.2W♥❝✐❛ Q✉❡ ? #❡❧❛2❛❞♦ ♣❡❧♦ ♠♦✈✐♠❡♥2♦ ❞♦ ♦♣❡#❛❞♦#✳

❉❡ ❢♦#♠❛ .✐♠♣❧✐✜❝❛❞❛ ❞❡✜♥❡✲.❡ ♠♦✈✐♠❡♥2♦ ❝♦♠♦ ✉♠❛ .✐♠♣❧❡. 2#♦❝❛ ❞❡ ✈❛❧♦#❡.

❞✐.2✐♥2♦. Q✉❡ #❡♣#❡.❡♥2❛♠ ❛. ❛2✐✈✐❞❛❞❡. ✭❛✉❧❛.✮ ❡①❡#❝✐❞❛. ♣♦# ❞✐❢❡#❡♥2❡. ❞♦❝❡♥2❡.✱

.❡♥❞♦ ❡.2❛. ✐♥❞✐❝❛❞❛. ♣❡❧❛ ♠❛2#✐③ tabelaS❬m❪❬n❪✱ ♥♦ Q✉❛❧ m ❛..✉♠❡ ✈❛❧♦#❡. Q✉❡

❝♦##❡.♣♦♥❞❡♠ ❛♦. ❤♦#L#✐♦. ❞❡ ❞❡2❡#♠✐♥❛❞❛. ❛2✐✈✐❞❛❞❡.✱ ❡ n ❛. .❛❧❛. ♦♥❞❡ ♦❝♦##❡♠

❡.2❡. ❡♥❝♦♥2#♦.✳ X♦#2❛♥2♦✱ ❝❛❞❛ ❡❧❡♠❡♥2♦ amn ♥M♦ ♥✉❧♦. ❞❛ ♠❛2#✐③ tabelaS❬m❪❬n❪✱

♦♥❞❡ m ∈ {1, nhorarios} ❡ n ∈ {0, nsalas}✱ #❡♣#❡.❡♥2❛ ✉♠❛ ❛✉❧❛ ❧❡❝✐♦♥❛❞❛ ♥♦

❤♦#L#✐♦ m ♥❛ .❛❧❛ n✳ ❊♠ .✉♠❛✱ ♦ ❢✉♥❝✐♦♥❛♠❡♥2♦ ❞❛ ❡.2#✉2✉#❛ ❞❡ ✈✐③✐♥❤❛♥B❛
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%❡❛❞♦% ❡♠ ♣❡"♠✉0❛67❡% ❬✸✺❪ ❝♦♠♦✿ ❖♣❡"❛❞♦" ❞❡ =❡"♠✉0❛✱ ❖♣❡"❛❞♦" ❞❡ ■♥%❡"64♦ ❡

♦ ❖♣❡"❛❞♦" ❞❡ ■♥✈❡"%4♦✱ ❋✐❣✉"❛% ✷✳✶✶✱ ✷✳✶✵ ❡ ✷✳✶✷✳ ◆❡%0❡ 0"❛❜❛❧❤♦✱ ✐♥✐❝✐❛❧♠❡♥0❡✱ ❢♦✐

✉0✐❧✐③❛❞♦ ♦ ♦♣❡"❛❞♦" ❞❡ ♣❡"♠✉0❛ ♣❛"❛ ❞❡✜♥✐" ♦ ♠♦✈✐♠❡♥0♦ ❞❡ "❡❛❧♦❝❛64♦✳ ❚❡%0❡%

❝♦♠♣✉0❛❝✐♦♥❛✐% ♣"❡❧✐♠✐♥❛"❡% "❡✈❡❧❛"❛♠ 3✉❡ ❛♣❡♥❛% ❛ "❡❛❧♦❝❛64♦ ♥4♦ ❡"❛ %✉✜❝✐❡♥0❡

♣❛"❛ ❛0✐♥❣✐" ♦% "❡%✉❧0❛❞♦% ❞❡%❡❥❛❞♦%✳ ❊♥04♦✱ ♣"♦♣L%✲%❡ ❝♦♠♣❧❡♠❡♥0❛" ❛ ❡%0"✉0✉"❛

❞❡ ✈✐③✐♥❤❛♥6❛ ❝♦♠ ♦ ♠♦✈✐♠❡♥0♦ ❞❡ 0"♦❝❛✱ 3✉❡ ✉0✐❧✐③♦✉ ♦ ♠❡%♠♦ ♦♣❡"❛❞♦" ❞❡ ♣❡"✲

♠✉0❛ ❞♦ ♣"✐♠❡✐"♦ ♠♦✈✐♠❡♥0♦✱ ♣❛"❛ ❝♦♠♣♦" ❛ ❡%0"✉0✉"❛ ❞❡ ✈✐③✐♥❤❛♥6❛ ✉0✐❧✐③❛❞❛ ♥♦

❙✐♠✉❧❛&❡❞ ❆♥♥❡❛❧✐♥❣✳ ❉❡%0❛ ♠❛♥❡✐"❛✱ ✜❝♦✉ ❡%0❛❜❡❧❡❝✐❞♦ 3✉❡ ❛ ❡%0"✉0✉"❛ ❞❡ ✈✐③✐✲

♥❤❛♥6❛ ✉0✐❧✐③❛❞❛ ♥❡%0❡ 0"❛❜❛❧❤♦ %❡"✐❛ ❝♦♠♣♦%0❛ ♣❡❧❛ ✉♥✐4♦ ❞❛ ✈✐③✐♥❤❛♥6❛ ❣❡"❛❞❛

♣❡❧♦ ♠♦✈✐♠❡♥0♦ ❞❡ "❡❛❧♦❝❛64♦✱ NR
✭s✮✱ ❡ ♣❡❧❛ ✈✐③✐♥❤❛♥6❛ ❣❡"❛❞❛ ♣❡❧♦ ♠♦✈✐♠❡♥0♦

❞❡ 0"♦❝❛✱ NT
✭s✮✱ 0♦❞♦% ♦❜0✐❞♦% ❛ ♣❛"0✐" ❞❛ ♣❡"0✉❜❛64♦ ♥❛ %♦❧✉64♦ s ♦❝❛%✐♦♥❛❞❛

♣❡❧♦ ♦♣❡"❛❞♦" ❞❡ ♣❡"♠✉0❛✱ ♦✉ %❡❥❛✱ ❛ ✈✐③✐♥❤❛♥6❛ ✉0✐❧✐③❛❞❛ ♥♦ ❙❆ ✜❝♦✉ ❞❡✜♥✐❞❛

❝♦♠♦✿ N(s) ❂ NR
✭%✮ ∪ NT

✭%✮✳

❖ ▼♦✈✐♠❡♥)♦ ❞❡ ❘❡❛❧♦❝❛/0♦✱ ♠♦%0"❛❞♦ ♣❡❧❛ ❋✐❣✉"❛ ✹✳✷✱ ❝♦♥%✐%0❡ ❡♠ 0"❛♥%✲

❢❡"✐" ✉♠ ❞❡0❡"♠✐♥❛❞♦ ❡♥❝♦♥0"♦✱ ❛❧♦❝❛❞♦ ❡♠ ✉♠ ❤♦"T"✐♦ ❡ %❛❧❛✱ ♣❛"❛ ✉♠❛ ♦✉0"❛ %❛❧❛

3✉❡ ❡%0❡❥❛ ✈❛③✐❛ ♥♦ ♠❡%♠♦ ❤♦"T"✐♦✳ ◆❡%%❡ %❡♥0✐❞♦✱ ❛ U♥✐❝❛ ❡①✐❣W♥❝✐❛ ❞❡%%❡ 0✐♣♦ ❞❡

♠♦✈✐♠❡♥0♦ X 3✉❡ ❛ %❛❧❛ 3✉❡ "❡❝❡❜❡"T ♦ ❡♥❝♦♥0"♦✱ ♥♦ ❡①❡♠♣❧♦ ❛ %❛❧❛ ✹✱ ❡%0❡❥❛ ❞✐%✲

♣♦♥Y✈❡❧ ✭✈❛③✐❛✮ ♥♦ ❤♦"T"✐♦ ❡♠ 3✉❡ ♦❝♦""❡ ❛ ❛✉❧❛✳ ❆ ♣❛"0✐" ❞❛ ❛♥T❧✐%❡ ❞❡%%❛ ✜❣✉"❛

❝♦♥❝❧✉✐✲%❡ 3✉❡✱ ♦ ❡♥❝♦♥0"♦ ❆ 3✉❡ ♦"✐❣✐♥❛❧♠❡♥0❡ ❡"❛ ❧❡❝✐♦♥❛❞♦ ♥❛ %❛❧❛ ✶✱ ♥♦ ✐♥0❡"✈❛❧♦

❞❡ ❤♦"T"✐♦% ❞❡ ✷ Z ✹✱ ❛♣[% ❛ "❡❛❧♦❝❛64♦✱ %❡"T ❧❡❝✐♦♥❛❞♦ ♥❛ %❛❧❛ ✹✱ ♥♦ ♠❡%♠♦ ✐♥0❡"✈❛❧♦

❞❡ 0❡♠♣♦ ✷ Z ✹✳ =❛"❛ 3✉❡ ♦❝♦""❛ ✉♠ ♠♦✈✐♠❡♥0♦ ❞❡ "❡❛❧♦❝❛64♦✱ ❡①✐%0❡ ✉♠ ♥U♠❡"♦

♠T①✐♠♦ ❞❡ 0❡♥0❛0✐✈❛% 3✉❡ ♦ ❛❧❣♦"✐0♠♦ "❡❛❧✐③❛ ♥❛ ❜✉%❝❛ ❞❡ ✉♠❛ %❛❧❛ ❞✐%♣♦♥Y✈❡❧✱

♥❡%0❡ ❝❛%♦✱ ❛ ❞❡✜♥✐✉ ❝♦♠♦ %❡♥❞♦ ✐❣✉❛❧ ❛ 3✉❛♥0✐❞❛❞❡ ❞❡ %❛❧❛% ❞♦ ♣"♦❜❧❡♠❛✳ ❆♣[%

❛0✐♥❣✐" ❡%%❡ ♥U♠❡"♦ ❞❡ 0❡♥0❛0✐✈❛% ❞♦ ❛❧❣♦"✐0♠♦ %❡♠ %✉❝❡%%♦ ♥❛ ❜✉%❝❛ ❞❛% %❛❧❛%✱ ❡%0❡

X ❡♥❝❡""❛❞♦✳ ❈♦♠♦ ❡♠ ❝✐"❝✉♥%0]♥❝✐❛% ❛♥0❡"✐♦"❡% ❞❡%0❡ 0"❛❜❛❧❤♦✱ ❛ ♣❛"❛♠❡0"✐③❛64♦

❞♦ ♥U♠❡"♦ ♠T①✐♠♦ ❞❡ 0❡♥0❛0✐✈❛% ✜❝♦✉ ❞❡✜♥✐❞❛ ❡①♣❡"✐♠❡♥0❛❧♠❡♥0❡✳
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❋✐❣✉$❛ ✹✳✷✿ ▼♦✈✐♠❡♥0♦ ❞❡ ❘❡❛❧♦❝❛56♦✳ ✭❋♦♥0❡ 8$9♣$✐❛✱ ✷✵✶✼✮

❖ ▼♦✈✐♠❡♥'♦ ❞❡ ❚*♦❝❛ ❝♦♥A✐A0❡ ❡♠ ♣❡$♠✉0❛$ ❛ ♣♦A✐56♦ ❡♥0$❡ ❞✉❛A ❛✉❧❛A

♠✐♥✐A0$❛❞❛A ❡♠ A❛❧❛A ❞✐A0✐♥0❛A✳ ◆❡A0❡ ❝❛A♦✱ ✈❡$✐✜❝❛✲A❡ 0$EA 0✐♣♦A ❞❡ ❝❡♥F$✐♦A✿ ❛G✉❡✲

❧❡A ❡♠ G✉❡ ♦A ❤♦$F$✐♦A ✐♥✐❝✐❛❧ ❡ ✜♥❛❧ ❞♦A ❞♦✐A ❡♥❝♦♥0$♦A A6♦ ❝♦✐♥❝✐❞❡♥0❡A✱ ❝♦♠♦

♠♦A0$❛❞♦ ♥❛A ❋✐❣✉$❛A ✹✳✸ ❡ ✹✳✹✱ ♦A G✉❡ ♣♦AA✉❡♠ A❡✉A ❡♥❝♦♥0$♦A ❝♦♠ ❤♦$F$✐♦A ❞❡

✐♥J❝✐♦ ❡ 0K$♠✐♥♦ ❞❡A❧♦❝❛❞♦A ❡♥0$❡ A✐✱ ♣♦$K♠✱ ❝♦♠ ♦ ❤♦$F$✐♦ ❞❡ ✉♠ ❡♥❝♦♥0$♦ ❝♦♥0✐❞♦

❞❡♥0$♦ ❞♦ ♦✉0$♦✱ ❝♦♥❢♦$♠❡ ❛♣$❡A❡♥0❛❞♦ ♥❛A ❋✐❣✉$❛A ✹✳✺✱ ✹✳✻✱ ✹✳✼✱ ✹✳✽ ❡ ✹✳✾✱ ❡ ❛✐♥❞❛✱

❛ A✐0✉❛56♦ ❡♠ G✉❡ ♦A ❤♦$F$✐♦A ❞❡ ✐♥J❝✐♦ ❡ ✜♠ 0❡♠ ✉♠❛ ✐♥0❡$A❡56♦✱ ♠❛A ✉♠ ♥6♦

❡A0F ❝♦♥0✐❞♦ ❞❡♥0$♦ ❞♦ ♦✉0$♦✱ ❝♦♥❞✐56♦ ✈❡$✐✜❝❛❞❛ ♥❛A ❋✐❣✉$❛A ✹✳✶✵ ❡ ✹✳✶✶✳ ❯♠❛

❝❛$❛❝0❡$JA0✐❝❛ ✐♠♣♦$0❛♥0❡ ❞♦ ♠♦✈✐♠❡♥0♦ ❞❡ 0$♦❝❛ K ❛ ❞❡✜♥✐56♦ ❞♦ ✐♥0❡$✈❛❧♦ ❡♠

G✉❡ ♦❝♦$$❡♠ A✉❛A 0$♦❝❛A✳ ❙❡♥❞♦ ❛AA✐♠✱ ❛♣9A ❛ ❞❡✜♥✐56♦ ❞❡AA❡ ✐♥0❡$✈❛❧♦ ❞❡ 0❡♠♣♦

♦❝❛A✐♦♥❛❞♦ ♣❡❧❛ ❜✉A❝❛ ❞♦ ❡♥❝♦♥0$♦ ✐♥✐❝✐❛❧ ❆✱ ♦ ❛❧❣♦$✐0♠♦ ❢❛③ ✉♠❛ ❜✉A❝❛ ♣♦$ ✉♠

❡♥❝♦♥0$♦ ● G✉❡ ♦❝♦$$❛ ❡♠ G✉❛❧G✉❡$ A❛❧❛ G✉❡ ♥6♦ ❛ ❞❡ ♦$✐❣❡♠ ✭A❛❧❛ ✶ ♥♦ ❡①❡♠♣❧♦✮

❡ G✉❡ ❡A0❡❥❛ ❞❡♥0$♦ ❞♦ ♠❡A♠♦ ✐♥0❡$✈❛❧♦ ❞❡ ❤♦$F$✐♦A ❞❡✜♥✐❞♦✳ ❆ ❜✉A❝❛ ♣♦$ ❡AA❡ ❡♥✲

❝♦♥0$♦ K $❡❛❧✐③❛❞❛ ❛0K ✉♠ ♥Y♠❡$♦ ♠F①✐♠♦ ❞❡ 0❡♥0❛0✐✈❛A ❡A0✐♣✉❧❛❞♦✱ G✉❡ ♣❛$❛ ❡A0❡

❝❛A♦✱ ❢♦✐ ❞❡✜♥✐❞♦ ❝♦♠♦ ✐❣✉❛❧ ❛♦ ♥Y♠❡$♦ ❞❡ A❛❧❛A ❞✐A♣♦♥J✈❡✐A ♥❛ ❊❊■▼❱❘✳ ❆♣9A ♦
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♥!♠❡$♦ ♠&①✐♠♦ ❞❡ *❡♥*❛*✐✈❛- -❡♠ -✉❝❡--♦✱ ♦ ❛❧❣♦$✐*♠♦ ❡♥❝❡$$❛✲-❡ ✐♥❢♦$♠❛♥❞♦ 5✉❡

♥6♦ ❢♦✐ ♣♦--8✈❡❧ $❡❛❧✐③❛$ ♦ ♠♦✈✐♠❡♥*♦ ❞❡ *$♦❝❛✳

◆♦ ♣$✐♠❡✐$♦ ❝❛-♦ ♦ ♠♦✈✐♠❡♥*♦ ❞❡-❝$✐*♦ ♣♦❞❡ -❡$ ❛❝♦♠♣❛♥❤❛❞♦ ♣♦$ ♠❡✐♦ ❞❛

❋✐❣✉$❛ ✹✳✸ ❡ ❋✐❣✉$❛ ✹✳✹✳ ❈♦♠ ❡--❡ ❛✉①8❧✐♦ ✈❡$✐✜❝❛✲-❡ -❡✉ ❢✉♥❝✐♦♥❛♠❡♥*♦ ❛*$❛✈B-

❞❛ *$♦❝❛ ❡♥*$❡ ❛- ❛✉❧❛- ❆ ❡ ●✱ 5✉❡ ❝♦♥-✐-*❡ ❡♠ ❛❧♦❝❛$✱ *❡♠♣♦$❛$✐❛♠❡♥*❡✱ ❛ ❛✉❧❛

❆ ❞❛ -❛❧❛ ❞❡ ♦$✐❣❡♠ ✶ ❡♠ ✉♠ ✈❡*♦$ ❛✉①✐❧✐❛$✱ ❞❡♥♦♠✐♥❛❞♦ ❆❯▲❆✱ ❡ *$❛♥-❢❡$✐$ ❛

❛✉❧❛ ●✱ 5✉❡ ✐♥✐❝✐❛❧♠❡♥*❡ ❡-*❛✈❛ ❛❧♦❝❛❞❛ ♥❛ -❛❧❛ ✹✱ ♣❛$❛ ❛ -❛❧❛ ❞❡ ♦$✐❣❡♠ ✶✳ ❋❡✐*♦

✐--♦✱ ❛ ❛✉❧❛ ❆ B ❡♥*6♦ $❡❛❧♦❝❛❞❛ ❞♦ ✈❡*♦$ ♣❛$❛ ❛ -❛❧❛ ❞❡-*✐♥♦ ✹✱ ✜♥❛❧✐③❛♥❞♦ ❛--✐♠✱

♦ ♠♦✈✐♠❡♥*♦✳ ❱❛❧❡ $❡--❛❧*❛$ 5✉❡ *✉❞♦ ✐--♦ ♦❝♦$$❡ -♦♠❡♥*❡ ❛♣I- ❡-*❛$ ❞❡*❡$♠✐♥❛❞♦

♦ ✐♥*❡$✈❛❧♦ ❞❡ *❡♠♣♦ ❡♠ 5✉❡ ♦❝♦$$❡ ❡--❛- *$♦❝❛-✱ ✈✐-*♦ 5✉❡✱ ♥❡-*❡ ❝❛-♦✱ ❞❡✈❡♠ -❡$

❝♦✐♥❝✐❞❡♥*❡-✳

❋✐❣✉$❛ ✹✳✸✿ ▼♦✈✐♠❡♥*♦ ❞❡ ❚$♦❝❛ ✲ ❍♦$&$✐♦- ❈♦✐♥❝✐❞❡♥*❡-✳ ✭❋♦♥*❡ O$I♣$✐❛✱ ✷✵✶✼✮
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❋✐❣✉$❛ ✹✳✹✿ ▼♦✈✐♠❡♥/♦ ❞❡ ❚$♦❝❛ ✲ ❍♦$5$✐♦6 ❈♦✐♥❝✐❞❡♥/❡6✳ ✭❋♦♥/❡ 9$:♣$✐❛✱ ✷✵✶✼✮

❖ 6❡❣✉♥❞♦ ❝❛6♦ ♣♦❞❡ 6❡$ ✈❡$✐✜❝❛❞♦ ❛/$❛✈D6 ❞❛6 ❋✐❣✉$❛6 ✹✳✺✱ ✹✳✻✱ ✹✳✼✱ ✹✳✽ ❡ ✹✳✾✳

◆❡6/❛ 6✐/✉❛JK♦✱ ❛ /$♦❝❛ /❛♠❜D♠ ♦❝♦$$❡ ❡♥/$❡ ❛6 ❛✉❧❛6 ❆ ❡ ●✱ ♥♦ ❡♥/❛♥/♦✱ ❞❡✈✐❞♦

❛♦ ❢❛/♦ ❞♦6 ❤♦$5$✐♦6 ❡6/❛$❡♠ ❞❡6❧♦❝❛❞♦6 ❡♥/$❡ 6✐✱ ✉/✐❧✐③♦✉✲6❡ ✉♠ ✈❡/♦$ ❛✉①✐❧✐❛$✱

❞❡♥♦♠✐♥❛❞♦ ❆❯▲❆✱ ♣❛$❛ V✉❡ ❤❛❥❛ ❛ /$♦❝❛ 6❡♠ V✉❡ ♦❝♦$$❛ ♣❡$❞❛ ❞❡ ✐♥❢♦$♠❛JX❡6✳

◆❡6/❡ ❝❛6♦✱ /♦❞♦6 ♦6 ❞❛❞♦6 $❡❧❡✈❛♥/❡6 Y ❛✉❧❛ ●✱ ❝♦♠♦ ❡♥❝♦♥/$♦✱ 6❛❧❛ ❡ ✐♥/❡$✈❛❧♦ ❞❡

❤♦$5$✐♦6✱ 6K♦ ✐♥6❡$✐❞♦6 ♥❛ ♠❡♠:$✐❛ ❡①/❡$♥❛✳ ❆ Z♥✐❝❛ ❡①✐❣[♥❝✐❛ ♣❛$❛ V✉❡ ♦❝♦$$❛ ❛

/$♦❝❛ ❡♥/$❡ ❛6 ❛✉❧❛6 ❆ ❡ ● D ❛ ❡①✐6/[♥❝✐❛ ❞❡ ❛✉❧❛ Z♥✐❝❛ ❡♠ ❝❛❞❛ ✉♠❛ ❞❡66❛6 6❛❧❛6

♥♦ ✐♥/❡$✈❛❧♦ ❡6/✐♣✉❧❛❞♦✳ ❖✉ 6❡❥❛✱ ❝❛6♦ ❡①✐6/❛ ♠❛✐6 ❞❡ ✉♠ /✐♣♦ ❞❡ ❛✉❧❛ ♥❡66❛6 6❛❧❛6✱

♥♦6 ✐♥/❡$✈❛❧♦6 ❞❡ ❤♦$5$✐♦6 ❞❡✜♥✐❞♦6✱ ♥K♦ ❤❛✈❡$5 ❛ /$♦❝❛ ❡♥/$❡ ❛6 ❛✉❧❛6 ❆ ❡ ●✳ ◆❛

6❡V✉❡♥❝✐❛✱ ❛ ♠❡♠:$✐❛ ❞❛ 6❛❧❛ ✹ D ❧✐♠♣❛ ♣❛$❛ V✉❡ $❡❝❡❜❛ ❛6 ✐♥❢♦$♠❛JX❡6 ❞❛ ❛✉❧❛ ❆

6❡♠ ♣$❡❥✉\③♦ ❞♦6 ❞❛❞♦6✳ ❊♥/K♦✱ ❛ ❛✉❧❛ ❆ V✉❡ 6❡ ❡♥❝♦♥/$❛ ♥❛ 6❛❧❛ ✶ D $❡❛❧♦❝❛❞❛ ♥❛

6❛❧❛ ✹✳ ❋❡✐/♦ ✐66♦✱ ❧✐♠♣❛✲6❡ ❛ ♠❡♠:$✐❛ ❞❛ 6❛❧❛ ✶✱ ❡ ❝♦♣✐❛✲6❡ ♣❛$❛ ❡6/❛ /♦❞♦ ❝♦♥/❡Z❞♦

❞❛ ♠❡♠:$✐❛ ❡①/❡$♥❛ ❆❯▲❆✱ ❛✉❧❛ ●✱ ✜♥❛❧✐③❛♥❞♦ ❛66✐♠✱ ♦ ♠♦✈✐♠❡♥/♦✳ ❆ ♦❜6❡$✈❛JK♦

❛ ❝❡$❝❛ ❞❛ ❞❡/❡$♠✐♥❛JK♦ ❞♦6 ✐♥/❡$✈❛❧♦6 ❞❡ /❡♠♣♦ /❛♠❜D♠ 6❡ ❛♣❧✐❝❛ ♣❛$❛ ♦ 6❡❣✉♥❞♦
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❡ !❡"❝❡✐"♦ ❝❛'♦ ❞♦ ♠♦✈✐♠❡♥!♦ ❞❡ !"♦❝❛✱ ♥♦ ❡♥!❛♥!♦✱ ❝❛❞❛ ❝❛'♦ !"❛!❛ ❛ ❞❡!❡"♠✐♥❛-.♦

❞❡''❡ ✐♥!❡"✈❛❧♦ ❞❡ ♠❛♥❡✐"❛ ♣❛"!✐❝✉❧❛"✳
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❋✐❣✉"❛ ✹✳✻✿ ▼♦✈✐♠❡♥!♦ ❞❡ ❚"♦❝❛ ✲ ❍♦"<"✐♦' ❉❡'❧♦❝❛❞♦'✳ ✭❋♦♥!❡ ?"@♣"✐❛✱ ✷✵✶✼✮
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❋✐❣✉$❛ ✹✳✼✿ ▼♦✈✐♠❡♥0♦ ❞❡ ❚$♦❝❛ ✲ ❍♦$6$✐♦7 ❉❡7❧♦❝❛❞♦7✳ ✭❋♦♥0❡ ;$<♣$✐❛✱ ✷✵✶✼✮

❋✐❣✉$❛ ✹✳✽✿ ▼♦✈✐♠❡♥0♦ ❞❡ ❚$♦❝❛ ✲ ❍♦$6$✐♦7 ❉❡7❧♦❝❛❞♦7✳ ✭❋♦♥0❡ ;$<♣$✐❛✱ ✷✵✶✼✮
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❋✐❣✉$❛ ✹✳✾✿ ▼♦✈✐♠❡♥0♦ ❞❡ ❚$♦❝❛ ✲ ❙♦❧✉78♦ ❱✐③✐♥❤❛✳ ✭❋♦♥0❡ =$>♣$✐❛✱ ✷✵✶✼✮

=♦$ ✜♠✱ ♦ G❧0✐♠♦ ❝❛H♦ H❡ ❝♦♥✜❣✉$❛ ♠❡❞✐❛♥0❡ ❛H ❋✐❣✉$❛H ✹✳✶✵ ❡ ✹✳✶✶✳ ◆❡H0❛

❝✐$❝✉♥H0J♥❝✐❛✱ ✐♥✐❝✐❛❧♠❡♥0❡ ❞❡✜♥✐✲H❡ ✉♠ ✐♥0❡$✈❛❧♦ K✉❡ ❡♥✈♦❧✈❡ ♦H ❞♦✐H ❡♥❝♦♥0$♦H

❆ ❡ ●✱ ❛ ♣❛$0✐$ ❞❛N ✈❡$✐✜❝❛✲H❡ ♥❛ H❛❧❛ ❞❡ ❝❛❞❛ ✉♠ ❞♦H ❡♥❝♦♥0$♦H✱ ♥❡HH❡ ✐♥0❡$✈❛❧♦

❡♥✈♦❧✈❡♥0❡✱ ❛ ❡①✐H0P♥❝✐❛ ❞❡ ✉♠ G♥✐❝♦ ❡♥❝♦♥0$♦✳ ❈❛H♦ ❡①✐H0❛ H♦♠❡♥0❡ ❡HH❡ G♥✐❝♦

❡♥❝♦♥0$♦✱ ❛ 0$♦❝❛ ❡♥0$❡ ❆ ❡ ● ✐$R ♦❝♦$$❡$ ❞❛ ♠❡H♠❛ ❢♦$♠❛ ❝♦♠♦ ❞❡H❝$✐0♦ ♥♦H ❝❛✲

H♦H ❛♥0❡$✐♦$❡H✱ ♣♦$ ♠❡✐♦ ❞❡ ❛❧♦❝❛78♦ 0❡♠♣♦$R$✐❛ ❡♠ ♠❡♠>$✐❛ ❡①0❡$♥❛✳ =♦$T♠✱ ♥❛

H✐0✉❛78♦ ❡♠ K✉❡ ♥❡H0❡ ✐♥0❡$✈❛❧♦ ❡♥✈♦❧✈❡♥0❡ ❡①✐H0❡♠ ♠❛✐H ❞❡ ✉♠ G♥✐❝♦ ❡♥❝♦♥0$♦ ♥❛

♠❡H♠❛ H❛❧❛ ❛♥❛❧✐H❛❞❛✱ ❛ 0$♦❝❛ ♥8♦ ❞❛$✲H❡✲R✱ ❡ ♦ ♣$♦❝❡HH♦ T $❡✐♥✐❝✐❛❞♦✱ ♣$♦❝❡❞✐♠❡♥0♦

✈❡$✐✜❝❛❞♦ ♥❛ ❋✐❣✉$❛ ✹✳✶✷✳ ❆ ❧✐♠✐0❛78♦ ❞❛ ♦❝♦$$P♥❝✐❛ ❞❡ ✉♠❛ ❛✉❧❛ H❡ ❞❡✈❡ ♣$✐♥❝✐✲

♣❛❧♠❡♥0❡ ♣♦$ ❡H0❡ G❧0✐♠♦ ❝❛H♦✱ ♦✉ H❡❥❛✱ ✉♠❛ ❛❧♦❝❛78♦ ♥8♦ ✐$R ♦❝♦$$❡$ K✉❛♥❞♦✱ ♥♦

✐♥0❡$✈❛❧♦ ❞❡✜♥✐❞♦✱ ❡①✐H0✐$❡♠ ♠❛✐H ❞❡ ✉♠ 0✐♣♦ ❞❡ ❡♥❝♦♥0$♦✱ ♥❛ ♠❡H♠❛ H❛❧❛✳ ❖ K✉❡

H✐❣♥✐✜❝❛ ❞✐③❡$ K✉❡✱ ♥♦ ❡①❡♠♣❧♦ ♠♦H0$❛❞♦ ♥❛ ❋✐❣✉$❛ ✹✳✶✷✱ ♥8♦ ♣♦❞❡ ❤❛✈❡$ 0$♦❝❛$

❡♥0$❡ ❆ ❡ ●✱ ❡ ♥❡♠ ❡♥0$❡ ❇ ❡ ●✱ ♣♦✐H✱ ♥♦ ✐♥0❡$✈❛❧♦ ❞❡✜♥✐❞♦ ✭❍✶ ❛0T ❍✻✮ ❡①✐H0❡♠

❞♦✐H ❡♥❝♦♥0$♦H ♥❛ H❛❧❛ ✶✱ ✐♠♣♦HH✐❜✐❧✐0❛♥❞♦ ❡H0❛H ♣♦HHN✈❡✐H 0$♦❝❛H✳
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❋✐❣✉$❛ ✹✳✶✷✿ ▼♦✈✐♠❡♥1♦ ❞❡ ❚$♦❝❛ ✲ ■♠♣♦88✐❜✐❧✐❞❛❞❡8 ❞❡ ❚$♦❝❛8✳ ✭❋♦♥1❡ <$=♣$✐❛✱

✷✵✶✼✮

✹✳✺ ❋♦%♠✉❧❛*+♦ ▼❛-❡♠/-✐❝❛

❆♣=8 1❡81❡8 ❝♦♠ ❛8 ❛❜♦$❞❛❣❡♥8 ❤❡✉$D81✐❝❛8 ♣$♦♣♦81❛8✱ ❢♦✐ ♣❡$❝❡❜✐❞♦ F✉❡ ♦ ✉8♦

❞❡ ♠❛✐8 ❡81$✉1✉$❛8 ❞❡ ✈✐③✐♥❤❛♥H❛ ♣♦❞❡$✐❛♠ 1♦$♥❛$ ♦ ♣$♦❜❧❡♠❛ ♠✉✐1♦ ❝♦♠♣❧❡①♦✳

◆❡81❡ 8❡♥1✐❞♦✱ ♦ ✉8♦ ❞❡ ✉♠❛ ❛❜♦$❞❛❣❡♠ ❡①❛1❛ F✉❡✱ ♠♦❞❡❧❛ ♦ ♣$♦❜❧❡♠❛ ❛1$❛✈K8 ❞❡

❡①♣$❡88L❡8 ♠❛1❡♠M1✐❝❛8✱ ❡ F✉❡ ♥N♦ ♣$❡❝✐8❛ ❡♥✉♠❡$❛$ ♣♦88✐❜✐❧✐❞❛❞❡8✱ 8❡ 1♦$♥❛ ✉♠❛

8♦❧✉HN♦ ✈✐M✈❡❧✳ ❉✐❛♥1❡ ❞✐88♦✱ 8❡❣✉❡ ❛❜❛✐①♦ ✉♠❛ ❢♦$♠✉❧❛HN♦ ♠❛1❡♠M1✐❝❛ ♣$♦♣♦81❛✱

❡♥✈♦❧✈❡♥❞♦ ♣$♦❣$❛♠❛HN♦ ❧✐♥❡❛$ ✐♥1❡✐$❛✱ ♣❛$❛ ❛ $❡8♦❧✉HN♦ ❞♦ <$♦❜❧❡♠❛ ❞❡ ❆❧♦❝❛HN♦

❞❡ ❆✉❧❛8 ❡♠ ❙❛❧❛8 ♥❛ ❊❊■▼❱❘✳ ❈♦♥8✐❞❡$❡ ❛8 8❡❣✉✐♥1❡8 ✈❛$✐M✈❡✐8 ❜✐♥M$✐❛8✿

• xijs =

{

1, 8❡ ♦ ❡♥❝♦♥1$♦ i ❡81M ❛❧♦❝❛❞♦ ♥♦ ❤♦$M$✐♦ j ♥❛ 8❛❧❛ s.

0, ❝❛8♦ ❝♦♥1$M$✐♦✳
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• yis =

{

1,  ❡ ♦ ❡♥❝♦♥%&♦ i ✉%✐❧✐③❛ ❛  ❛❧❛ s ❡♠ ❛❧❣✉♠ ❤♦&/&✐♦✳

0, ❝❛ ♦ ❝♦♥%&/&✐♦✳

❙❡❥❛♠ ♦  ❡❣✉✐♥%❡ ❝♦♥❥✉♥%♦ ❡ ❞❛❞♦ ❞❡ ❡♥%&❛❞❛✿

• E ❝♦♥❥✉♥%♦ ❞❡ ❡♥❝♦♥%&♦ ✳

• S ❝♦♥❥✉♥%♦ ❞❡  ❛❧❛ ✳

• H ❝♦♥❥✉♥%♦ ❞❡ ❤♦&/&✐♦ ✳

• HVi ❝♦♥❥✉♥%♦ ❞❡ ❤♦&/&✐♦ ✈/❧✐❞♦ ♣❛&❛ ♦ ❡♥❝♦♥%&♦ i✳

• ni ♥7♠❡&♦ ❞❡ ❤♦&❛ ❞♦ ❡♥❝♦♥%&♦ i✳

• di ❞❡♠❛♥❞❛ ❞♦ ❡♥❝♦♥%&♦ i✳

• cs ❝❛♣❛❝✐❞❛❞❡ ❞❛  ❛❧❛ s✳

• po ♣❡♥❛❧✐❞❛❞❡ ♣♦& ♦❝✐♦ ✐❞❛❞❡ ♥❛  ❛❧❛✳

• pe ♣❡♥❛❧✐❞❛❞❡ ♣♦& ❡①❝❡  ♦ ❞❡ ❛❧✉♥♦ ♥❛  ❛❧❛✳

• pis ❝✉ %♦ ❞❡ ❛❧♦❝❛& ♦ ❡♥❝♦♥%&♦ i ♥❛  ❛❧❛ s ❞❛❞♦ ♣♦&✿

pis =

{

po ∗ (cs − di),  ❡ di ≤ cs.

pe ∗ (di − cs), ❝❛ ♦ ❝♦♥%&/&✐♦✳

❖ ♣&♦❜❧❡♠❛ ❞❡ ❛❧♦❝❛;<♦ ❞❡ ❡♥❝♦♥%&♦ ♣♦❞❡  ❡& ❞❡ ❝&✐%♦ ♣❡❧❛  ❡❣✉✐♥%❡ ❢♦&♠✉❧❛✲

;<♦ ♠❛%❡♠/%✐❝❛ ❞❛❞❛ ♣❡❧❛ ❊@✉❛;A❡ ✭✹✳✶✮ F ✭✹✳✾✮✿
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Min
∑

i∈E

∑

s∈S

pisyis ✭✹✳✶✮

S.a.
∑

s∈S

xijs ≤ 1, ∀i ∈ E, ∀j ∈ H, ✭✹✳✷✮

∑

i∈E

xijs ≤ 1, ∀s ∈ S, ∀j ∈ H, ✭✹✳✸✮

∑

s∈S

∑

j∈H

xijs = ni, ∀i ∈ E, ✭✹✳✹✮

xijs = 0, ∀i ∈ E, ∀s ∈ S, ∀j /∈ HVi, ✭✹✳✺✮

yis ≥ xijs, ∀i ∈ E, ∀s ∈ S, ∀j ∈ H, ✭✹✳✻✮

∑

s∈S

yis = 1, ∀i ∈ E, ✭✹✳✼✮

xijs ∈ {0, 1}, ∀i ∈ E, ∀j ∈ H, ∀s ∈ S, ✭✹✳✽✮

yis ∈ {0, 1}, ∀i ∈ E, ∀s ∈ S. ✭✹✳✾✮

❆ ❢✉♥01♦ ♦❜❥❡6✐✈♦ ✹✳✶ ♠✐♥✐♠✐③❛ ❛ ♦❝✐♦=✐❞❛❞❡ ❡ ❛ =♦❜?❡❝❛?❣❛ ❞❛= =❛❧❛=✳ ❆=

?❡=6?✐0B❡= ✹✳✷ ✐♠♣❡❞❡♠ D✉❡ ✉♠ ❡♥❝♦♥6?♦ =❡❥❛ ❛❧♦❝❛❞♦ ❡♠ ♠❛✐= ❞❡ ✉♠❛ =❛❧❛ ❡♠

✉♠ ♠❡=♠♦ ❤♦?F?✐♦✳ ❆= ?❡=6?✐0B❡= ✹✳✸ ♥1♦ ♣❡?♠✐6❡♠ D✉❡ ♠G❧6✐♣❧♦= ❡♥❝♦♥6?♦= =❡❥❛♠

❛❧♦❝❛❞♦= ♥❛ ♠❡=♠❛ =❛❧❛ ❡♠ ✉♠ ❞❛❞♦ ❤♦?F?✐♦✳ ❆= ?❡=6?✐0B❡= ✹✳✹ ❛✜?♠❛♠ D✉❡ ♦

♥G♠❡?♦ ❞❡ ❤♦?❛= ❞❡ ❝❛❞❛ ❡♥❝♦♥6?♦ ❞❡✈❡ =❡? ?❡=♣❡✐6❛❞♦✳ ❆= ?❡=6?✐0B❡= ✹✳✺ ❛✜?♠❛♠

D✉❡ ✉♠ ❡♥❝♦♥6?♦ ♥1♦ ♣♦❞❡ =❡? ❛❧♦❝❛❞♦ ❢♦?❛ ❞❡ =❡✉ ❤♦?F?✐♦ ♣?❡✈✐=6♦✳ ❏F ❛= ?❡=6?✐0B❡=

✹✳✻ ❧✐❣❛♠ ❛= ✈❛?✐F✈❡✐= x ❡ y✱ ❡ ❛✜?♠❛♠ D✉❡ =❡ ❤♦✉✈❡ ✉♠❛ ❛❧♦❝❛01♦ ❞❡ ✉♠ ❡♥❝♦♥6?♦ i

❡♠ ✉♠❛ =❛❧❛ s ❡♠ ❛❧❣✉♠ ❤♦?F?✐♦✱ ❡♥61♦ ❡=6❛ =❛❧❛ s ❢♦✐ ✉6✐❧✐③❛❞❛ ♣♦? i✱ ❡ ♣♦?6❛♥6♦ ❡=6❛

❛❧♦❝❛01♦ ❞❡✈❡ =❡? ❝♦♥6❛❜✐❧✐③❛❞❛ ♥❛ ❋✳❖✳ ✳ ❆ ❛❧♦❝❛01♦ ♦❜?✐❣❛6M?✐❛ ❞❡ ✉♠ ❡♥❝♦♥6?♦

N ✉♠❛ =❛❧❛ O 6?❛6❛❞❛ ♣❡❧♦ ❝♦♥❥✉♥6♦ ❞❡ ?❡=6?✐0B❡= ✹✳✼✳ ❆= ❞❡♠❛✐= ?❡=6?✐0B❡= 6?❛6❛♠

❞❛ ■♥6❡❣?❛❧✐❞❛❞❡ ❡ ◆1♦✲◆❡❣❛6✐✈✐❞❛❞❡✳
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❡♥".❡ ♦! ❞♦✐! .❡!✉❧"❛❞♦! ❝♦♠♣✉"❛❝✐♦♥❛✐! ♦❜"✐❞♦! ❡ ❛<✉❡❧❡ ✉"✐❧✐③❛❞♦ ❝♦♠✉♠❡♥"❡ ♣❡❧❛

✐♥!"✐"✉✐/0♦ ❞❡ ❡♥!✐♥♦✱ ❝♦♠ !✉❛! ❞❡✈✐❞❛! ❝♦♥!✐❞❡.❛/=❡!✳

❖! "❡!"❡! ❝♦♠♣✉"❛❝✐♦♥❛✐! ❢♦.❛♠ .❡❛❧✐③❛❞♦! ❡♠ ✉♠❛ ♠@<✉✐♥❛ ❝♦♠ !✐!"❡♠❛ ♦♣❡✲

.❛❝✐♦♥❛❧ ❲✐♥❞♦✇! ✼ ❯❧"✐♠❛"❡ ❡ ♣.♦❝❡!!❛❞♦. ■♥"❡❧ ❈♦.❡ ✐✺✲✷✹✺✵▼ ❈:❯ ✷① ✷✳✺✵●❍③✳

❆❧3♠ ❞✐!!♦✱ ♦ ♠3"♦❞♦ ❡①❛"♦ ❢♦✐ ❞❡!❡♥✈♦❧✈✐❞♦ ✉"✐❧✐③❛♥❞♦ ♦ ♠❡❝❛♥✐!♠♦ ❞❡ ♣.♦❣.❛✲
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❙"✉❞✐♦ ❬✹❪✱ ❱❡.!0♦ ✶✷✳✻✱ ❡ ♦ ♠3"♦❞♦ ❛♣.♦①✐♠❛❞♦✱ ♣♦. ♠❡✐♦ ❞❛ ♠❡"❛✲❤❡✉.'!"✐❝❛

❙✐♠✉❧❛&❡❞ ❆♥♥❡❛❧✐♥❣✱ ❡❧❛❜♦.❛❞❛ ♥♦ ❈❖❉❊✿✿❇▲❖❈❑❙ ❬✶❪ ✲ ❆♠❜✐❡♥"❡ ❞❡ ❉❡!❡♥✈♦❧✲

✈✐♠❡♥"♦ ■♥"❡❣.❛❞♦ ✭■❉❊✮✱ <✉❡ ♣❡.♠✐"✐✉ ❡!❝.❡✈❡. "♦❞♦ ♦ ❝^❞✐❣♦ ❡♠ ❧✐♥❣✉❛❣❡♠ ❞❡

♣.♦❣.❛♠❛/0♦ ❈✳

◆♦ ❝❛!♦ ❞♦ ♠♦❞❡❧♦ ♠❛"❡♠@"✐❝♦✱ .❡❛❧✐③♦✉✲!❡ ❛ ❛♥@❧✐!❡ ❞♦ .❡!✉❧"❛❞♦ ❞❛ ❢✉♥/0♦

♦❜❥❡"✐✈♦✱ !❡✉ "❡♠♣♦ ❞❡ ♣.♦❝❡!!❛♠❡♥"♦ ❡ ♦ ♥a♠❡.♦ ❞❡ ✐"❡.❛/=❡! ✉"✐❧✐③❛❞♦!✱ ♣❡❧♦

♠♦❞❡❧♦✱ ♥❛ ♦❜"❡♥/0♦ ❞❡ ✉♠❛ !♦❧✉/0♦ ✈✐@✈❡❧ ♣❛.❛ ♦ ♣.♦❜❧❡♠❛✱ ❜❡♠ ❝♦♠♦✱ ♦ ●❆:

❢♦.♥❡❝✐❞♦ ♣❡❧♦ !♦❢"✇❛.❡✳

◆❛ ❛✈❛❧✐❛/0♦ ❞♦ ♠3"♦❞♦ ❛♣.♦①✐♠❛❞♦✱ ❢♦.❛♠ ✉"✐❧✐③❛❞❛! ✶✷ ✭❞♦③❡✮ ✐♥!"b♥❝✐❛!✱



✺✳✶ #❛%❛♠❡(%✐③❛+,♦ ❞♦ #%♦❜❧❡♠❛ ✽✾
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❛♥❛❧✐&❛* ♦ ❝♦♠♣♦*6❛♠❡♥6♦ ❞♦ ❛❧❣♦*✐6♠♦ ❞✐❛♥6❡ ❞❛& ❞✐❢❡*❡♥6❡& &✐6✉❛,7❡& ✐♠♣♦&6❛&✱
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♣❛*;♠❡6*♦& ♣*❡❡&6❛❜❡❧❡❝✐❞♦& ❝❛♣❛③ ❞❡ &❡* ✉6✐❧✐③❛❞♦ ♥♦& ❛❧❣♦*✐6♠♦& ❞❡&❡♥✈♦❧✈✐❞♦&✱

♥❡&6❡ 6*❛❜❛❧❤♦✳ ❉❡&&❛ ♠❛♥❡✐*❛✱ ❛ ♣❛*❛♠❡6*✐③❛,-♦ ❞♦& ❛❧❣♦*✐6♠♦& ❢♦✐ ❞❡✜♥✐❞❛ &❡✲

❣✉♥❞♦ ✉♠ ❝♦♥❥✉♥6♦ ♣*B♣*✐♦ ❞❡ ❞❛❞♦&✱ ❞❡6❡*♠✐♥❛❞♦& ❞❡ ❛❝♦*❞♦ ❝♦♠ ❡①♣❡*✐♠❡♥6♦&

♣*❡✈✐❛♠❡♥6❡ *❡❛❧✐③❛❞♦&✱ ❡ &❡✉& ✈❛❧♦*❡& ❛♣*❡&❡♥6❛❞♦& ♥❛ ❋✐❣✉*❛ ✺✳✶ ❛❜❛✐①♦✳

❋✐❣✉*❛ ✺✳✶✿ :❛*;♠❡6*♦& ✉6✐❧✐③❛❞♦& ♥♦ ♣*♦❝❡❞✐♠❡♥6♦ ❙❆✳ ✭❋♦♥6❡ :*B♣*✐❛✱ ✷✵✶✼✮



✺✳✶ #❛%❛♠❡(%✐③❛+,♦ ❞♦ #%♦❜❧❡♠❛ ✾✵

♠ ♥ α ❙❆♠❛① T0 ❚ ■(❡*❚

✾✻ ✷✵ ✵✳✾ ✺✵✵✵ ✶✵✵✵ ✵✳✵✶ ✶✵✵✵✵

❚❛❜❡❧❛ ✺✳✶✿ ◆♦+❛,-♦ ❞♦/ 0❛12♠❡+1♦/ ♥♦ ❈6❞✐❣♦ ❉❡/❡♥✈♦❧✈✐❞♦✳ ✭❋♦♥+❡ 016♣1✐❛✱

✷✵✶✼✮

❙❡♥❞♦ ❝❛❞❛ ♥♦+❛,-♦ 1❡♣1❡/❡♥+❛♥❞♦✿

♠✱ ♥E♠❡1♦ ❞❡ ❤♦1G1✐♦/ ❞✐/♣♦♥H✈❡✐/ ♣❛1❛ ♦❝♦11I♥❝✐❛ ❞♦/ ❡♥❝♦♥+1♦/❀

♥✱ ♥E♠❡1♦ ❞❡ /❛❧❛/ 1❡❛✐/ ❞✐/♣♦♥H✈❡✐/❀

α ∈ ❬✵❀✶❪✱ ❛ 1❡♣1❡/❡♥+❛,-♦ ❞♦ ❢❛+♦1 ❞❡ 1❡/❢1✐❛♠❡♥+♦❀

❙❆♠❛①✱ ♦ ♥E♠❡1♦ ♠G①✐♠♦ ❞❡ ✐+❡1❛,P❡/✱ ❛ ❝❛❞❛ +❡♠♣❡1❛+✉1❛ ❛♣1❡/❡♥+❛❞❛❀

T0✱ ❛ +❡♠♣❡1❛+✉1❛ ✐♥✐❝✐❛❧✱ ❣❡1❛❧♠❡♥+❡ ✉♠ ✈❛❧♦1 ♠✉✐+♦ ❡❧❡✈❛❞♦❀

T ✱ ❛ +❡♠♣❡1❛+✉1❛ ✜♥❛❧❀

■+❡1❚✱ ♦ ♥E♠❡1♦ ❞❡ ✐+❡1❛,P❡/ ❝♦11❡♥+❡✳

❉❡ ❛❝♦1❞♦ ❝♦♠ ♦ T✉❡ ❢♦✐ ❝✐+❛❞♦ ❡♠ ❬✸✶❪✱ ❛ ❡/❝♦❧❤❛ ❛❞❡T✉❛❞❛ ❞♦/ ♣❛12♠❡+1♦/

V ❛❧❣♦ ❡①+1❡♠❛♠❡♥+❡ ✐♠♣♦1+❛♥+❡ ♥❛ ❞❡✜♥✐,-♦ ❞❛ /♦❧✉,-♦ ✐♥✐❝✐❛❧✱ ❜❡♠ ❝♦♠♦ ♥❛

❡①❡❝✉,-♦ ❞♦ ❛❧❣♦1✐+♠♦✱ ❡ ♣❡1♠✐+❡ T✉❡ ❤❛❥❛ ✉♠ ❝❡1+♦ ❣1❛✉ ❞❡ ❞✐✈❡1/✐✜❝❛,-♦ ♥♦ ✐♥H❝✐♦

❞❛ ❜✉/❝❛✱ ❡ ♠❛✐♦1 ✐♥+❡♥/✐✜❝❛,-♦ ♥♦ ✜♥❛❧ ❞♦ ♣1♦❝❡//♦✱ ♦❜❥❡+✐✈♦/ ❡/♣❡1❛❞♦/ ♥❡/+❡

❝❛/♦✳ ❆✐♥❞❛ /❡❣✉♥❞♦ ♦/ ❛✉+♦1❡/✱ ❛♣❡♥❛/ ❛ +H+✉❧♦ ❞❡ ❝♦♥❤❡❝✐♠❡♥+♦✱ ❞✐❢❡1❡♥+❡♠❡♥+❡

❞♦ T✉❡ ❢♦✐ ❛❞♦+❛❞♦ ♥❡/+❡ +1❛❜❛❧❤♦✱ ❛T✉❡❧❡/ ❛✜1♠❛♠ ♦ /❡❣✉✐♥+❡✿

✏◗✉❛♥❞♦ ❛ ❝♦♥()*✉+,♦ ❞❛ (♦❧✉+,♦ ✐♥✐❝✐❛❧ ❥0 ♣*♦❞✉③ ✉♠❛ (♦❧✉+,♦ ❞❡ ❜♦❛

6✉❛❧✐❞❛❞❡✱ ❛ )❡♠♣❡*❛)✉*❛ ✐♥✐❝✐❛❧ ♥,♦ ♣*❡❝✐(❛ (❡* ♠✉✐)♦ ❛❧)❛✳ ❙❡❣✉♥❞♦

❡((❛( ♦❜(❡*✈❛+<❡(✱ )❡♠♣❡*❛)✉*❛( ✐♥✐❝✐❛✐( ♠❛✐( ❛❧)❛( ♥,♦ ♣*♦♣♦*❝✐♦♥❛♠

♠❡❧❤♦*✐❛( ♥♦ *❡(✉❧)❛❞♦ ✜♥❛❧✱ ♣♦✐(✱ ♣❡*♠✐)❡♠ ❛❝❡✐)❛* (♦❧✉+<❡( ♠✉✐)♦

*✉✐♥( ❡ ❛ ♠❡❧❤♦*❛ ? ♦❜(❡*✈❛❞❛ (♦♠❡♥)❡ ❛♣@( ✈0*✐❛( ❡)❛♣❛( ❞❡ *❡(❢*✐❛✲

♠❡♥)♦✳✑



✺✳✷ ❘❡%✉❧(❛❞♦% ❞❛ ❋♦-♠✉❧❛/0♦ ❍❡✉-2%(✐❝❛ ✾✶

✺✳✷ ❘❡%✉❧(❛❞♦% ❞❛ ❋♦-♠✉❧❛/0♦ ❍❡✉-2%(✐❝❛

❈♦♥❢♦$♠❡ ♠❡♥❝✐♦♥❛❞♦ ❛❝✐♠❛✱ ❢♦$❛♠ ❞❡,❡♥✈♦❧✈✐❞❛, ✶✷ ✭❞♦③❡✮ ✐♥,45♥❝✐❛, ❞❡✜♥✐✲

❞❛, ❛ ♣❛$4✐$ ❞❛ $❡♠♦9:♦ ❞❡ ,❛❧❛, ❡,♣❡❝;✜❝❛,✱ ❡,4❛❜❡❧❡❝✐❞❛, ♣❡❧❛ ❉✐$❡9:♦ ❞❛ ❯♥✐❞❛❞❡✳

❉✐❛♥4❡ ❞✐,,♦✱ ✉4✐❧✐③♦✉✲,❡✱ ♣❛$❛ ❝❛❞❛ ✐♥,45♥❝✐❛✱ ✉♠ ❝♦♥❥✉♥4♦ ❞❡ ✈❛❧♦$❡,✱ ❞❡✜♥✐❞♦,

❝♦♠♦ ,❡♠❡♥4❡, ❞❡ ❣❡$❛9:♦ ❞❡ ♥C♠❡$♦, ❛❧❡❛4D$✐♦,✱ ,❡ ✈❛❧❡♥❞♦ ❞♦ ❝$✐4E$✐♦ ❞❡ ♥C♠❡✲

$♦, ♣$✐♠♦,✱ ♣❛$❛ ❡,4❛❜❡❧❡❝❡$ ♦, ❞✐❢❡$❡♥4❡, ❝❡♥F$✐♦, ❛♥❛❧✐,❛❞♦, ♥❡,4❡ 4$❛❜❛❧❤♦✳ ❆

♣❛$4✐$ ❞❛;✱ ❡,,❛, ✐♥❢♦$♠❛9I❡, ❢♦$❛♠ ✐♥,❡$✐❞❛, ♥♦ ❛❧❣♦$✐4♠♦ ❙✐♠✉❧❛&❡❞ ❆♥♥❡❛❧✐♥❣

❞❡,❡♥✈♦❧✈✐❞♦✱ ❛✜♠ ❞❡ ♦❜4❡$ ❞❛❞♦, $❡❧❡✈❛♥4❡, J $❡,♣❡✐4♦ ❞♦ ❝♦♠♣♦$4❛♠❡♥4♦ ❞❡,4❡

♣$♦❣$❛♠❛✱ ❡♠ ❞✐❢❡$❡♥4❡, ,✐4✉❛9I❡,✳ ❆ 4❛❜❡❧❛ ✺✳✷ ❛♣$❡,❡♥4❛ ♦, ❞❛❞♦, ✉4✐❧✐③❛❞♦, ♥♦

❡①♣❡$✐♠❡♥4♦ ❞❡,❝$✐4♦✳

❈❡♥#$✐♦' ❙❛❧❛' ❘❡♠♦✈✐❞❛'

■♥'01♥❝✐❛ ✶ ◆❡♥❤✉♠❛

■♥'01♥❝✐❛ ✷ ❇✶✶

■♥'01♥❝✐❛ ✸ ❉✸✵❆

■♥'01♥❝✐❛ ✹ ❉✸✵❇

■♥'01♥❝✐❛ ✺ ❉✹✷

■♥'01♥❝✐❛ ✻ ❉✸✵❆ ✴ ❉✸✵❇

■♥'01♥❝✐❛ ✼ ❉✸✵❆ ✴ ❉✹✷

■♥'01♥❝✐❛ ✽ ❇✶✶ ✴ ❉✹✷

■♥'01♥❝✐❛ ✾ ❉✸✵❇ ✴ ❇✶✶

■♥'01♥❝✐❛ ✶✵ ❉✸✵❇ ✴ ❉✹✷

■♥'01♥❝✐❛ ✶✶ ❉✸✵❆ ✴ ❇✶✶

■♥'01♥❝✐❛ ✶✷ ❇✶✶✴❉✸✵❆✴❉✸✵❇✴❉✹✷

❚❛❜❡❧❛ ✺✳✷✿ O❛$5♠❡4$♦, ❞♦, ❊①♣❡$✐♠❡♥4♦,✳ ✭❋♦♥4❡ O$D♣$✐❛✱ ✷✵✶✼✮

❊♠ ♣♦,,❡ ❞♦, $❡,✉❧4❛❞♦, ❢♦$♥❡❝✐❞♦, ♣♦$ ❡,,❡ ❡①♣❡$✐♠❡♥4♦✱ ❛✈❛❧✐♦✉✲,❡ ❝❛❞❛ ❝❡♥F✲

$✐♦✱ ❡ ❡①4$❛✐✉ ❞❡,4❡,✱ ♦, ♠❡❧❤♦$❡, $❡,✉❧4❛❞♦, ✭♠❡♥♦$ ✈❛❧♦$ ❞❛ ❢✉♥9:♦ ♦❜❥❡4✐✈♦✮ ❞❛❞♦

❡♠ ♥❡❣$✐4♦✱ ,✉❛, ♠E❞✐❛, ❡ ❞❡,✈✐♦, ♣❛❞$I❡,✳ ❉❡ ❛❝♦$❞♦ ❝♦♠ T✉❡ ❢♦✐ ❛♥❛❧✐,❛❞♦ ❛♦

❧♦♥❣♦ ❞❡,,❡ 4$❛❜❛❧❤♦✱ ♦ ♦❜❥❡4✐✈♦ ❞♦ ♣$♦❜❧❡♠❛ E ♦ ❞❡ ♠✐♥✐♠✐③❛$ ♦ ❝✉,4♦ ❞❡ ❛❧♦❝❛9:♦

❞❡ ✉♠ ❡♥❝♦♥4$♦ ❡♠ ✉♠❛ ,❛❧❛ ❡ ❤♦$F$✐♦ ❞✐,♣♦♥;✈❡✐,✱ ,❡♥❞♦ ❛,,✐♠✱ ❡,,❡, ♠❡❧❤♦$❡,

✈❛❧♦$❡,✱ ,:♦ ✈❡$✐✜❝❛❞♦, ♥♦ ♠❡♥♦$ ✈❛❧♦$ ❞❛ ❢✉♥9:♦ ♦❜❥❡4✐✈♦✱ ✈✐,4♦ T✉❡✱ ,✉❛ ✜♥❛❧✐✲

❞❛❞❡ E ❛♣$❡,❡♥4❛❞❛ ♥❡,4❡ ,❡♥4✐❞♦✳ ❖, $❡,✉❧4❛❞♦, ❞❡,,❡, ❡①♣❡$✐♠❡♥4♦, ♣♦❞❡♠ ,❡$

✈❡$✐✜❝❛❞♦,✱ $❡,✉♠✐❞❛♠❡♥4❡✱ ♥❛ 4❛❜❡❧❛ ✺✳✸ ❛❜❛✐①♦✱ ❡ ❛4$❛✈E, ❞♦ ❣$F✜❝♦ $❡♣$❡,❡♥4❛❞♦

♣❡❧❛ ❋✐❣✉$❛ ✺✳✷✳



✺✳✷ ❘❡%✉❧(❛❞♦% ❞❛ ❋♦-♠✉❧❛/0♦ ❍❡✉-2%(✐❝❛ ✾✷

❈❡♥#$✐♦' ▼❡❧❤♦$ ❋❖ ▼❡❧❤♦$ ❙❡♠❡♥/❡ ▼0❞✐❛ ▼0❞✐❛ ❉❡'✈✐♦ 5❛❞$6♦

■♥'/8♥❝✐❛ ✶ ✸✻✺✾ ✶✶ ✸✻✽✻ ✶✽✱✻

■♥'/8♥❝✐❛ ✷ ✸✹✵✽✵ ✶✼ ✺✹✵✸✻ ✷✷✳✸✷✼✱✵

■♥'/8♥❝✐❛ ✸ ✸✹✸✺✺ ✶✶ ✺✷✸✶✾ ✷✷✳✼✵✻✱✺

■♥'/8♥❝✐❛ ✹ ✸✹✸✹✷ ✷✸ ✸✾✸✽✺ ✶✸✳✹✹✻✱✺

■♥'/8♥❝✐❛ ✺ ✸✹✵✽✹ ✼ ✹✾✵✺✼ ✷✶✳✽✹✽✱✻

■♥'/8♥❝✐❛ ✻ ✶✸✼✹✽✼ ✷ ✶✹✾✹✾✺ ✷✵✳✺✵✶✱✶

■♥'/8♥❝✐❛ ✼ ✶✸✻✼✷✶ ✹✶ ✶✻✶✻✺✵ ✷✷✳✸✹✶✱✶

■♥'/8♥❝✐❛ ✽ ✶✸✻✺✷✽ ✹✼ ✶✺✻✺✷✶ ✷✷✳✸✺✺✱✹

■♥'/8♥❝✐❛ ✾ ✶✸✻✼✸✷ ✶✶ ✶✹✽✼✵✾ ✷✵✳✹✾✵✱✸

■♥'/8♥❝✐❛ ✶✵ ✶✸✻✻✾✵ ✼ ✶✺✶✻✽✽ ✷✶✳✽✹✼✱✻
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❡♥)*❡ ♦ *❡-✉❧)❛❞♦ ❢♦*♥❡❝✐❞♦ ♣❡❧❛ ❢✉♥3:♦ ♦❜❥❡)✐✈♦ ❡ ♦ N)✐♠♦ R ♥✉❧❛✱ ♦ 6✉❡ -✐❣♥✐✜❝❛

6✉❡ ❡-)❡ *❡-✉❧)❛❞♦ R ♦ ♠❡❧❤♦* 6✉❡ ♣♦❞❡*✐❛ -❡* ♦❜)✐❞♦✱ ♦✉ -❡❥❛✱ ♦ N)✐♠♦✳

❊♠ ❣❡*❛❧✱ ❛ ❙❡3:♦ ✺✳✷ ❞❡-❝*❡✈❡✉ ♦- ❡①♣❡*✐♠❡♥)♦- *❡❛❧✐③❛❞♦-✱ ❜❡♠ ❝♦♠♦✱ ♦-

*❡-✉❧)❛❞♦- ♦❜)✐❞♦-✱ ♥♦ ❚❡"#❡ ❞❡ ❘❡♠♦()♦ ❞❡ ❙❛❧❛"✱ ♦ 6✉❛❧✱ ♦ ♠♦❞❡❧♦ ❡①❛)♦

♥:♦ ❢♦✐ ❝❛♣❛③ ❞❡ *❡-♦❧✈❡* ♣❛*❛ ❛- ■♥-)W♥❝✐❛ ✷ ❛ ✶✷✱ ♣♦* -❡*❡♠ ✐♥-)W♥❝✐❛- ✐♥✈✐5✈❡✐-
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❞❡✈✐❞♦ ❛ &✉❛♥)✐❞❛❞❡ ✐♥*✉✜❝✐❡♥)❡ ❞❡ *❛❧❛* ♣❛/❛ ❛ ❝♦♠♣❧❡)❛ ❛❧♦❝❛12♦ ❞❛* ❛✉❧❛*✱ ❝♦♠♦

♠♦*)/❛ ❛ ❋✐❣✉/❛ ✺✳✸✳ ❉✐❛♥)❡ ❞✐**♦✱ /❡❛❧✐③♦✉✲*❡ ♦✉)/♦ ❡①♣❡/✐♠❡♥)♦✱ ❛❣♦/❛ ❝♦♠ ❜❛*❡

❡♠ ✉♠ ❚❡"#❡ ❞❡ ■♥❝❧✉"*♦ ❞❡ ❙❛❧❛"✱ ❡ ♦ /❡*✉❧)❛❞♦ ✐♥❞✐❝♦✉ ♦ ♠♦❞❡❧♦ ♠❛)❡♠>)✐❝♦

❝♦♠♦ ♣♦**?✈❡❧ ♠@)♦❞♦ ❞❡ /❡*♦❧✉12♦✱ ❞❛❞❛ *✉❛ ❝❛♣❛❝✐❞❛❞❡ ❞❡ /❡*♦❧✈A✲❧♦✱ ❛♣❡*❛/ ❞♦

/❡*✉❧)❛❞♦ ❢♦/♥❡❝✐❞♦ ♣❡❧♦ )❡*)❡ ❞❡ /❡♠♦12♦✳ C❛/❛ ✐**♦✱ ❢♦/❛♠ ❞❡*❡♥✈♦❧✈✐❞❛* ♦✉)/❛*

✵✸ ✭)/A*✮ ♥♦✈❛* ✐♥*)G♥❝✐❛*✱ )♦♠❛♥❞♦ ❛ ■♥*)G♥❝✐❛ ✶ ❝♦♠♦ /❡❢❡/A♥❝✐❛✱ ✈✐❞❡ ❙❡12♦ ✺✳✷✳

❙❡♥❞♦ ❛**✐♠✱ )❡♠♦*✿

• ■♥"#.♥❝✐❛ ✶✸✿ ♣♦**✉✐ )♦❞❛* ❛* *❛❧❛* ❞❛ ■♥*)G♥❝✐❛ ✶✱ ❡ ❛✐♥❞❛✱ ✉♠❛ *❛❧❛ ❝♦♠

❝❛♣❛❝✐❞❛❞❡ ❞❡ ✹✵❀

• ■♥"#.♥❝✐❛ ✶✹✿ ♣♦**✉✐ )♦❞❛* ❛* *❛❧❛* ❞❛ ■♥*)G♥❝✐❛ ✶✱ ❡ ❛✐♥❞❛✱ ✉♠❛ *❛❧❛ ❝♦♠

❝❛♣❛❝✐❞❛❞❡ ❞❡ ✻✵❀
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❝❛♣❛❝✐❞❛❞❡ ❞❡ ✽✵❀

■♥"#$♥❝✐❛" ❙❛❧❛" ❋✉♥,-♦ ❖❜❥❡#✐✈♦ ❚❡♠♣♦ ✭"❡❣✳✮

■♥"#$♥❝✐❛ ✶✸ ✹✵ ✸✵✷✶ ✷✳✺✻

■♥"#$♥❝✐❛ ✶✹ ✻✵ ✸✺✷✺ ✷✳✻✼

■♥"#$♥❝✐❛ ✶✺ ✽✵ ✸✻✷✺ ✷✳✸✹
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❋✐❣✉$❛ ✺✳✺✿ ❈♦♠♣♦$-❛♠❡♥-♦ ♥♦ ❚❡1-❡ ❞❡ ■♥❝❧✉16♦✳ ✭❋♦♥-❡ 8$9♣$✐❛✱ ✷✵✶✼✮

❚♦❞❛1 ❛1 ♣$✐♥❝✐♣❛✐1 ❝❛$❛❝-❡$@1-✐❝❛1 ❡ ♣❡$❢♦$♠❛♥❝❡ ❞❡11❡ ❡①♣❡$✐♠❡♥-♦ ♣♦❞❡♠

1❡$ ♦❜1❡$✈❛❞❛1 ♥❛ ❚❛❜❡❧❛ ✺✳✻ ❡♠ ❛11♦❝✐❛F6♦ ❝♦♠ ♦ ❣$G✜❝♦ $❡♣$❡1❡♥-❛❞♦ ♣❡❧❛ ❋✐✲

❣✉$❛ ✺✳✺✳ ❙❡♥❞♦ ❛11✐♠✱ 1❡ ❢♦11❡ ♣♦11@✈❡❧ ✐♥❝❧✉✐$ ✉♠❛ ❞❡11❛1 1❛❧❛1✱ ❛♣$❡1❡♥-❛❞❛1

♥❡11❡ ❡①♣❡$✐♠❡♥-♦✱ ❞❡♥-$❡ -♦❞❛1 K✉❡ ❛ ❡1❝♦❧❛ ❥G ✉-✐❧✐③❛✱ ❛K✉❡❧❛ K✉❡ -$❛$✐❛ ♠❡❧❤♦$

$❡1✉❧-❛❞♦✱ ❡♠ -❡$♠♦1 ❞❛ ❛♥G❧✐1❡ ❡♠ ❢♦❝♦ ♥❡1-❡ -$❛❜❛❧❤♦✱ ❝♦♠ ❜❛1❡ ♥♦1 ✈❛❧♦$❡1 ❞❛

❢✉♥F6♦ ♦❜❥❡-✐✈♦ ❞❛ -❛❜❡❧❛✱ 1❡$✐❛ ❛ 1❛❧❛ $❡♣$❡1❡♥-❛❞❛ ♣❡❧❛ ■♥1-O♥❝✐❛ ✶✸✱ ♦✉ 1❡❥❛✱ ❝♦♠

❝❛♣❛❝✐❞❛❞❡ ✹✵✳

➱ ✐♠♣♦$-❛♥-❡ ♠❡♥❝✐♦♥❛$ K✉❡✱ ❞❡-❡$♠✐♥❛$ ❛ ♠❡❧❤♦$ ❞✐1-$✐❜✉✐F6♦ ❞❛1 ❝❛♣❛❝✐❞❛✲

❞❡1 ❞❛1 1❛❧❛1 S ❡♠ 1✐ ✉♠ ♣$♦❜❧❡♠❛ ❞❡ ♦-✐♠✐③❛F6♦✱ ❝♦♥-✉❞♦✱ ❛ ❛♥G❧✐1❡ ❞❡1-❡ ♣$♦❜❧❡♠❛

♥6♦ ❢❛③ ♣❛$-❡ ❞♦ ❡1❝♦♣♦ ❞❡1-❡ -$❛❜❛❧❤♦✳ ❖ ♦❜❥❡-✐✈♦ S ❛✉①✐❧✐❛$ ♥❛ -♦♠❛❞❛ ❞❡ ❞❡✲

❝✐16♦ ♣❛$❛ ✉♠❛ ♣♦11@✈❡❧ $❡♠♦F6♦✴✐♥❝❧✉16♦ ❞❡ 1❛❧❛1 ❞♦ ❝❛♠♣✉1✳ 8♦$-❛♥-♦✱ ♥6♦ S

♣♦11@✈❡❧ $❡♠♦✈❡$ ♥❡♥❤✉♠❛ 1❛❧❛ ♥♦ ❝♦♥-❡①-♦ ❛-✉❛❧✱ ✉♠❛ ✈❡③ K✉❡✱ ❛ $❡♠♦F6♦ ❞❡

K✉❛❧K✉❡$ ✉♠❛ ❞❛1 1❛❧❛1 -❡1-❛❞❛1 ❣❡$♦✉ ✉♠ ♣$♦❜❧❡♠❛ ❞❡ ♦-✐♠✐③❛F6♦ 1❡♠ 1♦❧✉F6♦

✈✐G✈❡❧✱ $❡♣$❡1❡♥-❛❞❛ ♣❡❧♦ ❛✉♠❡♥-♦ ❞❛ ❢✉♥F6♦ ♦❜❥❡-✐✈♦✳
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✺✳✹ ❈♦♠♣❛(❛)*♦ ❡♥-(❡ ❛. .♦❧✉)1❡. ♠❛♥✉❛❧✱ ❡①❛-❛ ❡

❤❡✉(5.-✐❝❛

❆ !❛❜❡❧❛ ✺✳✼ ❡①✐❜❡ ✉♠❛ -.♥!❡-❡ ❞♦ ♣❡3❝❡♥!✉❛❧ ❞❡ ✉!✐❧✐③❛67♦ ❞❛- -❛❧❛- ♣❛3❛

❝❛❞❛ ❞✐❛ ❞❛ -❡♠❛♥❛✱ ❡ -❡✉ 3❡-♣❡❝!✐✈♦ ♣❡3❝❡♥!✉❛❧ ❞❡ ❞❡-✉-♦✱ ❣❡3❛❞♦ ❛ ♣❛3!✐3 ❞❛

-♦❧✉67♦ ❛!✉❛❧✱ ❝♦♠✉♠❡♥!❡ ✉!✐❧✐③❛❞❛ ♣❡❧❛ ✐♥-!✐!✉✐67♦ ❞❡ ❡♥-✐♥♦✱ ❡ ♦ ♠♦❞❡❧♦ ❤❡✉3.-!✐❝♦

-✉❣❡3✐❞♦✱ ♥❡-!❡ !3❛❜❛❧❤♦✳ ❖- 3❡-✉❧!❛❞♦- ♣♦❞❡♠ -❡3 ♦❜!✐❞♦- ❛!3❛✈=- ❞❛ -❡❣✉✐♥!❡

❡①♣3❡--7♦ ♠❛!❡♠>!✐❝❛ 3❡♣3❡-❡♥!❛❞❛ ♣❡❧♦- !❡3♠♦- ✶ ❡ ✷✿

❆ ✐♥-!✐!✉✐67♦ ❡-!✉❞❛❞❛ ❢✉♥❝✐♦♥❛ ❞❡ -❡❣✉♥❞❛ C ->❜❛❞♦✱ ♥♦- !3D- !✉3♥♦- ❡①✐-!❡♥✲

!❡-✳ ❙❡♥❞♦ ❛--✐♠✱ ❝♦♥-✐❞❡3❛✲-❡ G✉❡ ❝❛❞❛ -❛❧❛ ❞❛ ✉♥✐❞❛❞❡ ♣♦--✉✐ ✉♠ !♦!❛❧ ❞❡ ✶✺

❤♦3❛- ❞✐>3✐❛- ❞✐-♣♦♥.✈❡✐- ♣❛3❛ G✉❡ ♦❝♦33❛♠ ♦- ❡♥❝♦♥!3♦- ❡♥!3❡ ♣3♦❢❡--♦3❡- ❡ ❛❧✉♥♦-

❞❛ ❞✐-❝✐♣❧✐♥❛ ♦❢❡3❡❝✐❞❛✳ ▲♦❣♦ ♦❜!D♠✲-❡✿

✶✮ ◆K♠❡3♦ ❞❡ -❛❧❛- ❞✐-♣♦♥.✈❡✐- × ❚♦!❛❧ ❞❡ ❤♦3❛- ❞✐-♣♦♥.✈❡✐- ♣❛3❛ ✉♠❛ ❞❛❞❛

-❛❧❛✱ ❡♠ ✉♠ ❞❡!❡3♠✐♥❛❞♦ ❞✐❛ ❞❛ -❡♠❛♥❛❀

✷✮ ❙♦♠❛!N3✐♦ ❞❛- ❤♦3❛- ❞❡ !♦❞❛- ❛- -❛❧❛- G✉❛♥❞♦ ❛- ❛✉❧❛- ❡-!7♦ -❡♥❞♦ ❧❡❝✐♦♥❛❞❛-✱

❡♠ ❞❡!❡3♠✐♥❛❞♦ ❞✐❛ ❞❛ -❡♠❛♥❛❀

❖ 3❡-✉❧!❛❞♦ = ♦❜!✐❞♦ ❛!3❛✈=- ❞❛ 3❛③7♦ ❞♦ ✷

❛

♣❡❧♦ ✶

❛

!❡3♠♦✳

❙❡♥❞♦✱

❚❯ ✲ ❚❛①❛ ❞❡ ❯!✐❧✐③❛67♦ ❞❛- -❛❧❛- ♥♦- 3❡-♣❡❝!✐✈♦- ❞✐❛- ❞❛ -❡♠❛♥❛❀

❚❉ ✲ ❚❛①❛ ❞❡ ❉❡-✉-♦ ❞❛- -❛❧❛- !❛♠❜=♠ ❡♠ -❡✉- 3❡-♣❡❝!✐✈♦- ❞✐❛- ❞❛ -❡♠❛♥❛✳

❆- ❋✐❣✉3❛- ✺✳✻ ❡ ✺✳✼ 3❡❢❡3❡♠✲-❡✱ 3❡-♣❡❝!✐✈❛♠❡♥!❡✱ C- !❛①❛- ❞❡ ✉!✐❧✐③❛67♦ ✭❚❯✮

❡ ❞❡ ❞❡-✉-♦ ✭❚❉✮ -❡♠❛♥❛❧ ❞❛- -❛❧❛-✳
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❚❯ ❚❉ ❚❯ ❚❉
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❈♦♠ ❡+-❡ ♣9♦❝❡❞✐♠❡♥-♦ J ♣♦++:✈❡❧ ❛♥❛❧✐+❛9 ❛ ❞✐+-P♥❝✐❛✱ ❡♠ ♣♦9❝❡♥-❛❣❡♠✱ ❞❡

✉♠❛ +♦❧✉1K♦ ❡①❛-❛ ♣❛9❛ ❛ ❤❡✉9:+-✐❝❛✳ ❊ ❛++✐♠✱ ❛ -❛❜❡❧❛ ✺✳✶✸ ❢♦✐ ♠♦♥-❛❞❛ ❛ ♣❛9-✐9 ❞♦+



✺✳✹ ❈♦♠♣❛(❛)*♦ ❡♥-(❡ ❛. .♦❧✉)1❡. ♠❛♥✉❛❧✱ ❡①❛-❛ ❡ ❤❡✉(5.-✐❝❛ ✶✵✾

 ❡"✉❧%❛❞♦" ♦❜%✐❞♦" ❡♠ %❡ ♠♦" ❞❡ "♦❧✉,-♦ ❡ %❡♠♣♦✱ ❡♥% ❡ ♦" ❞♦✐" ♠1%♦❞♦" ❡"%✉❞❛❞♦"✳

❊♠  ❡"✉♠♦✱ ❛ ❡4✉❛,-♦ ❢♦✐ ❝❛❧❝✉❧❛❞❛ ♣❛ ❛ ❛ ♠❡❧❤♦ "♦❧✉,-♦ ❡♥❝♦♥% ❛❞❛ ❞❛ ❤❡✉ 8"%✐❝❛

❡ ♣❡❧♦ ✈❛❧♦ ♠1❞✐♦ ❞❛" "♦❧✉,:❡"✱ ❡ ❢♦ ❛♠ ❡①✐❜✐❞♦" ♥❛ %❛❜❡❧❛ ✺✳✶✸✳

❖ ❡"%✉❞♦ ❞❛ %❛❜❡❧❛ ✺✳✶✸ ♣❡ ♠✐%❡ ❝♦♥❝❧✉✐ 4✉❡ ❛ ❞✐"%@♥❝✐❛  ❡❢❡ ❡♥❝✐❛❧ ❡♥% ❡

❛" "♦❧✉,:❡" ❤❡✉ 8"%✐❝❛" ❡ ❛" ❡①❛%❛" 1 ♠❡♥♦ 4✉❡ ✶✪✱ ♦ 4✉❡ ♠♦"% ❛ 4✉❡ ❛♠❜❛"

❛" "♦❧✉,:❡" ♣♦""✉❡♠ ✉♠❛ ❞✐❢❡ ❡♥,❛ ♣♦✉❝♦ "✐❣♥✐✜❝❛%✐✈❛✱ 4✉❛♥❞♦ ❝♦♠♣❛ ❛❞❛"✳ ◆♦

❡♥%❛♥%♦✱ ❛ ❛♥E❧✐"❡ ❞♦ %❡♠♣♦ ❞❡ ♣ ♦❝❡""❛♠❡♥%♦ ❞♦" ❞♦✐" ♠1%♦❞♦" ♥-♦  ❡% ❛%❛ ♦ 4✉❡

❢♦✐ ❞❡"❝ ✐%♦ ❛❝✐♠❛✱ ✈✐"%♦ 4✉❡✱ ❛ ❞✐"%@♥❝✐❛ ❡♥% ❡ ❡❧❡" 1 ❞❡ ❛♣ ♦①✐♠❛❞❛♠❡♥%❡ ✼✼✺✪✱

✐❞❡♥%✐✜❝❛♥❞♦✱ ❞❡""❛ ♠❛♥❡✐ ❛✱ ♦ ♠1%♦❞♦ ❡①❛%♦ ❝♦♠♦ ❛ ♦♣,-♦ ♠❛✐" ❛❞❡4✉❛❞❛ ❡♠

❞❡% ✐♠❡♥%♦ ❛♦ ❛♣ ♦①✐♠❛♥❞♦✳



❈❛♣#$✉❧♦ ✻

❈♦♥❝❧✉+,❡+ ❡ ❈♦♥+✐❞❡0❛1,❡+ ❋✐♥❛✐+

✻✳✶ ❈♦♥❝❧✉)*❡)

❋♦✐ #❡❛❧✐③❛❞♦ ✉♠ ❡+,✉❞♦ +♦❜#❡ ♦+ ♠.,♦❞♦+ ❞❡ ♦,✐♠✐③❛/0♦ ❡♠ ♣#♦❜❧❡♠❛+ ❞❡

❖,✐♠✐③❛/0♦ ❈♦♠❜✐♥❛,5#✐❛✱ ❡ ❛♣❧✐❝❛❞♦ ❞♦✐+ ❞❡❧❡+✱ ✉♠ ♠.,♦❞♦ ❡①❛,♦ ❡ ✉♠ ♠.,♦❞♦

❤❡✉#:+,✐❝♦✱ ♣❛#❛ ♦ ♣#♦❜❧❡♠❛ #❡❛❧ ❞❛ ✐♥+,✐,✉✐/0♦ ❊❊■▼❱❘✳

❖+ #❡+✉❧,❛❞♦+ ♠♦+,#❛#❛♠ A✉❡ . ♣♦++:✈❡❧ ♦❜,❡# +♦❧✉/C❡+ ✈✐D✈❡✐+ ❡ ❞❡ A✉❛❧✐❞❛❞❡✱

♣❛#❛ ♦ ♣#♦❜❧❡♠❛ ❡+,✉❞❛❞♦✱ ❡♠ ♠❡♥♦+ ❞❡ ✸✵ +❡❣✉♥❞♦+✳ ❖ A✉❡ . ❛❝❡✐,D✈❡❧ ♣❛#❛ ♦+

♣❛❞#C❡+ ❞❡ ❡①✐❣H♥❝✐❛ ❡+,❛❜❡❧❡❝✐❞♦+✳

◗✉❛♥❞♦ ❝♦♠♣❛#❛❞♦+ ❡♥,#❡ +✐✱ ♦ ♠.,♦❞♦ ❡①❛,♦ +❡ ♠♦+,#♦✉ ❛ ,.❝♥✐❝❛ ♠❛✐+ ❡✜❝✐✲

❡♥,❡ ♥♦ ❝❛+♦ ❞♦ ♣#♦❜❧❡♠❛ +❡ ♠♦+,#❛# ✈✐D✈❡❧✱ ♦✉ +❡❥❛✱ A✉❛♥❞♦ ♦ ✉+♦ ❞❡ ,♦❞❛+ ❛+ +❛❧❛+

❢♦# ♣❡#♠✐,✐❞♦✳ ❉✐❢❡#❡♥,❡♠❡♥,❡ ❞♦ ,#❛❜❛❧❤♦ ❛♣#❡+❡♥,❛❞♦ ♣♦# ❬✶✸❪✱ ♥♦ A✉❛❧✱ ♠❡+♠♦

❛♠❜♦+ ♦+ ♣#♦❜❧❡♠❛+ ♣♦++✉✐♥❞♦ ❞✐♠❡♥+C❡+ +❡♠❡❧❤❛♥,❡+✱ ❡+,❡ ♣#♦✈♦✉ ♣♦# ♠❡✐♦ ❞❛

♠❡,♦❞♦❧♦❣✐❛ ❞❡ #❡+♦❧✉/0♦ ❡✈♦❧✉,✐✈❛✱ ❆●❝✱ ❛♣❧✐❝❛❞❛ T ✐♥+,U♥❝✐❛+ ✜❝,:❝✐❛+ ❞❡✈✐❞♦ ❛

❝♦♠♣❧❡①✐❞❛❞❡ ♥♦ ✉+♦ ❞❡ ✐♥+,U♥❝✐❛+ #❡❛✐+ ✉,✐❧✐③❛❞♦ ♥♦ ♠.,♦❞♦ ❡①❛,♦✱ A✉❡ ❡♠ ,♦❞♦+

♦+ ❝❡♥D#✐♦+ ❞❡+❡♥✈♦❧✈✐❞♦+ ♣❛#❛ ❡+,❡ ❡①♣❡#✐♠❡♥,♦✱ ❢♦✐ ♦ ♠.,♦❞♦ ❡✈♦❧✉,✐✈♦ ❛A✉❡❧❡ #❡+✲

♣♦♥+D✈❡❧ ♣♦# ❢♦#♥❡❝❡# +♦❧✉/C❡+ ❞❡ ♠❛✐♦# A✉❛❧✐❞❛❞❡ A✉❛♥❞♦ ❝♦♠♣❛#❛❞♦ ❛♦ ♠♦❞❡❧♦

♠❛,❡♠D,✐❝♦✳

V♦#.♠✱ ♥♦ ❝❛+♦ ❡♠ A✉❡ ♦ ✉+♦ ❞❡ ,♦❞❛+ ❛+ +❛❧❛+ ♥0♦ ❢♦# ♣❡#♠✐,✐❞♦✱ ♦ ♠♦❞❡❧♦



✻✳✶ ❈♦♥❝❧✉)*❡) ✶✶✶

♠❛"❡♠$"✐❝♦ ♥)♦ ❝♦♥*❡❣✉❡ ❢♦.♥❡❝❡. ✉♠❛ *♦❧✉0)♦ ❛♣.♦♣.✐❛❞❛✱ ❡ ♥❡*"❡ ❝❛*♦✱ ♦ ♠♦❞❡❧♦

❤❡✉.5*"✐❝♦ ❛✐♥❞❛ 6 ❛ ♠❡❧❤♦. ♦♣0)♦✳

❈♦♠♦ ❛♣.❡*❡♥"❛❞♦✱ ♦ ❡①♣❡.✐♠❡♥"♦ ❢♦✐ ❜❛*❡❛❞♦ ♥❛ .❡♠♦0)♦ ❞❡ *❛❧❛* ❡ ♥❛ ❛❧✲

"❡.❛0)♦ ❞♦* ❣❡.❛❞♦.❡* ❞❡ ♥<♠❡.♦* ❛❧❡❛"=.✐♦*✱ .❡♣.❡*❡♥"❛❞♦* ❛".❛✈6* ❞❛ ❛".✐❜✉✐0)♦

❞❡ ✈❛❧♦. ✉♥✐"$.✐♦ ? ❝❛♣❛❝✐❞❛❞❡ ❞❛* *❛❧❛* ♠❡♥❝✐♦♥❛❞❛*✳ ❙❡♥❞♦ ❛**✐♠✱ ❛ ♣❛."✐. ❞♦*

✈❛❧♦.❡* ❛".✐❜✉5❞♦* ?* ♣❡♥❛❧✐③❛0B❡* ♥❛ ❢✉♥0)♦ ♦❜❥❡"✐✈♦✱ 6 ♣♦**5✈❡❧ ❣❛.❛♥"✐. D✉❡✱ ❛

❢✉♥0)♦ ♦❜❥❡"✐✈♦ "❡♥"❛.$ ❛❧♦❝❛. ♦* ❡♥❝♦♥".♦* ❡♠ *❛❧❛* ❝♦♠ ❝❛♣❛❝✐❞❛❞❡* ❝♦♠♣❛"5✲

✈❡✐* ❛♦* ♥<♠❡.♦* ❞❡ ❛❧✉♥♦* ♠❛".✐❝✉❧❛❞♦* ♥❛ .❡❢❡.✐❞❛ ❞✐*❝✐♣❧✐♥❛✱ ❞❛❞❛ ❛ ♣❡♥❛❧✐③❛0)♦

❛".✐❜✉5❞❛ ? ❡*"❡ ❢❛"♦.✳ ◆♦ ❡♥"❛♥"♦✱ ♦* ❡①♣❡.✐♠❡♥"♦* .❡✈❡❧❛.❛♠ D✉❡ ♠❡*♠♦ ❛♣=* ❛

.❡♠♦0)♦ ❞❡ *❛❧❛*✱ ❛✐♥❞❛ ❡①✐*"❡♠ ❛❧❣✉♠❛* D✉❡ *)♦ ✉"✐❧✐③❛❞❛* ♠❡*♠♦ ❝♦♠ *✉❛* ❝❛♣❛✲

❝✐❞❛❞❡* .❡❞✉③✐❞❛* ? ✵✶ ✭✉♠✮✳ ❊♥")♦✱ 6 ♣♦**5✈❡❧ ❝♦♥❝❧✉✐. D✉❡✱ ❛ ♣.♦✐❜✐0)♦ ❞♦ ✉*♦ ❞❡

❞❡"❡.♠✐♥❛❞❛ *❛❧❛✱ ♠♦*".♦✉ D✉❡ ❡**❡* .❡❝✉.*♦*✱ ♥❡*"❡ ❝❛*♦✱ ❛♣.❡*❡♥"❛♠ *❛"✉.❛0B❡*✱

✐♥✈✐❛❜✐❧✐③❛♥❞♦ ♦ ♣.♦❜❧❡♠❛✱ ✈✐*"♦ D✉❡✱ ♠❡*♠♦ ❛♣=* ❛ .❡❞✉0)♦ ❞❡ *✉❛ ❝❛♣❛❝✐❞❛❞❡✱

❡*"❛ ❛✐♥❞❛ *❡ ❛♣.❡*❡♥"❛ ❝♦♠♦ ♣♦**5✈❡❧ ❧♦❝❛❧ ❞❡ ♦❝♦..K♥❝✐❛ ❞❡ ❛✉❧❛*✳

❈♦♠♦ ❢♦.♠❛ ❞❡ ❝♦♠♣❧❡♠❡♥"❛. ♦ ❡*"✉❞♦ *♦❜.❡ .❡*".✐0)♦ ❞♦ ✉*♦ ❞❡ *❛❧❛*✱ ❢♦✐

.❡❛❧✐③❛❞♦ ♦✉".♦ "❡*"❡✱ ❛❣♦.❛ ❝♦♠ ❜❛*❡ ♥❛ ✐♥❝❧✉*)♦ ❞❡ *❛❧❛*✱ ✈✐*"♦ D✉❡✱ ♦ ♣.✐♠❡✐.♦

✐❞❡♥"✐✜❝♦✉ ♦ ♠♦❞❡❧♦ ❡①❛"♦ ❝♦♠♦ *❡♥❞♦ ✐♥❝❛♣❛③ ❞❡ .❡*♦❧✈❡. ♦ ♣.♦❜❧❡♠❛ ❝♦♠ ❛

.❡♠♦0)♦ ❞❡ ❛❧❣✉♠❛* *❛❧❛* ❡*♣❡❝5✜❝❛*✱ ❞❛❞❛ ❛ D✉❛♥"✐❞❛❞❡ ✐♥*✉✜❝✐❡♥"❡ ❞❡ *❛❧❛*✱

♣❛.❛ ❛ "♦"❛❧ ❛❧♦❝❛0)♦✳ M❛.❛ ♦ "❡*"❡ ❞❡ ✐♥❝❧✉*)♦✱ ❢♦.❛♠ ❞❡*❡♥✈♦❧✈✐❞❛* ✵✸ ✭".K*✮

♥♦✈❛* ✐♥*"O♥❝✐❛*✱ ❛❧6♠ ❞❛D✉❡❧❛* ❥$ ❛♣.❡*❡♥"❛❞❛* ✐♥✐❝✐❛❧♠❡♥"❡✱ ❝♦♠ ✐♥❝❧✉*)♦ ❞❡ *❛❧❛*

❝♦♠ ❝❛♣❛❝✐❞❛❞❡* ❞❡ ✹✵✱ ✻✵ ❡ ✽✵✳ ❖ ❡①♣❡.✐♠❡♥"♦ ♣❡.♠✐"✐✉ ✐❞❡♥"✐✜❝❛. ❛ *❛❧❛ ❝♦♠

❝❛♣❛❝✐❞❛❞❡ ✹✵✱ ❝♦♠♦ ❛D✉❡❧❛ D✉❡ *❡.✐❛ ❡*❝♦❧❤✐❞❛✱ ❝❛*♦ ❢♦**❡ ♣♦**5✈❡❧ ✐♥❝❧✉✐. ✉♠❛

❞❡**❛*✱ ✈✐*"♦ D✉❡✱ ❡*"❛ ".❛.✐❛ ♠❡❧❤♦. .❡*✉❧"❛❞♦ ♥❛ ❢✉♥0)♦ ♦❜❥❡"✐✈♦✳

❆❧6♠ ❞✐**♦✱ ♦ .❡*✉❧"❛❞♦ ❛♣.❡*❡♥"❛❞♦ ♥❛ "❛❜❡❧❛ ✺✳✶✸ ♠♦*".♦✉ D✉❡ ❛ ❞✐*"O♥❝✐❛

❡♥".❡ ❛* ♠❡❧❤♦.❡* *♦❧✉0B❡* ❞❛ ❤❡✉.5*"✐❝❛ ❡ ❞❛ ❡①❛"❛ 6 ♠❡♥♦. D✉❡ ✶✪✱ ♦ D✉❡ ✐♥❞✐❝❛

D✉❡ ❛♠❜❛* *♦❧✉0B❡* ♣♦**✉❡♠ ✉♠❛ ❞✐❢❡.❡♥0❛ ♠✉✐"♦ ♣❡D✉❡♥❛✱ D✉❛♥❞♦ ❝♦♠♣❛.❛❞❛*✳
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